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FOREWOR D 


It should not appear extraordinary that the University 
of Calcutta which, strictly speaking, started off its odyssey as 
an institution of post-graduate instruction and research in the 
early part of this century, had the faculty leaders whose birth 
centenaries are to fall within the last two decades of this 
century. Thus spate of such celebrations is currently on. 


It is not just a ritual that we organise the birth centenaries 
but by doing so we seek essentially to conjure up the scenario 
of the days gone by. Each one of these personalities had 
something distinctive, peculiar to their outlook and style of 
functioning, yet participating in the totality of social, cültural 
and intellectual upsurge. That is what made the University of 
Calcutta acquire moorings which need to be harped upon 
through such celebrations. Dr. Bibhuti Bhusan Dutta was such 
a great celebrity in the field of Mathematics. 


He was a profound scholar, far from being bogged 
down to just the technical part of Mathematics. His was, 
therefore, a concern of wider dimensions. His seminal work 
on history of Mathematics has become a classic of its kind. 
Steeped as he was in ancient lore and wisdom Dr. Dutta 
through them, sought to identify the impact of Mathematics 
on our past. 


The present book entitled "Science of the Sulbas", 

published by the University of Calcutta in 1932 grew out of a 
series of lectures in the University during Décember, 1931. 

Here is a book that was rated to be one of the priceless 
productions that the University of Calcutta can legitimately 
boast of. By republishing this book, a master piece on history 
of mathematics and dedicating it to him, the University of 
Calcutta has an PRESE to pay tribute to the great doyen 
of mathematicians. 


The effort wili bc amply rerwarding if the publication 
can capture back the spirit and the perspectives of those days 
which witnessed the intellectually vibrant arena of pursuits of 
knowledge. It would have teen excellent had this-book come 
out in 1988, the birth centenary year of Dr. Duita. 


Iiis hoped that tne study out history of r.athematics will 
receive greater credibilit’ and, perhaps, acceptability than 
waat is being prerently accorded to jt. 


[e . b. cur 
(A ad host NI 


Dated . 24th April. 1991 (B. PAY CHAUDHURI) 
| 
VICE-CHANCELLOR 
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A SHORT NOTE ON THE MATHEMATICAL 
CONTRIBUTIONS OF 
DR. PARS ete DUTTA 


The foundir3 ot the University College of Science and 
creation of few chairs including that on Applied (the then 
Mixed) Mathematics consiitute an evidence of the importance 
being giver. to that kind of Mathematics by Sir Asutosh 
Mookerjee who was himself a brilliant student and researcher 
in Mathematics. Sir Asu'osh was, looking back, choosy in 


respect of the recruitment of the faculty of Applied (Mixed) 


Mathematics. While the chair was offered to Dr. Ganesh 
Prasad of Benaras, Sir Asutosh cpred for young and brilliant 
alumni of the University as research scholars and young 
lecturers and could groom budding mathematicians like 
Satyendranath Bose, Meghnad Saha, Nikhil Ranjan Sen, 
Bibhutibnusan Dutta and few othe:s in his new experiment 
with University of Calcutta. Bibhutibhusan was born on 28th 
Jun2, 1888, had his first class Master's degree in Mixed 
Mathematics from the University of Galcigta in 1914; a year 
later, he got into the foi óf University as a Rashbehary Ghose 
scholar and a year after he Lecaine an assistant to Rashbebary 
Ghose Professor, Dr. Ganesh Prasad 1917 was the year in 
which he.was a-varded the Premchand Roychand Scholarship. 
Iie was'a receinient of the Moua: medal. He joined as a 
lecturer in Mixed Mathematics in the University i in the same 
year. Bibhutibhusan was carrving on nis res^arch pursuits - 
. and the main area of his work was Hydrodynamics, which 
was also the theme of the thesis for his D.Sc. degree oLtainéd 
in 1921. In the thesis there were cigat papers, four of which 
were strictly in the field ‘of hyCrodynamics and. the rest. on 
electricity, heat and transformat' 57s. A qvick browsing of the 
litles-of thes? papers shows a concern for problems witha 
special kind ot geometry, nam-ly, spheroids. One of these 
research papers, on the motion of two spheroid» in an intinite 
liquid; appeared in American Journal of Matematic. in 1921. 
Jt looks. that vibhutibhusan wes fascinated by the study of 
vort:zes and one thus firds his papers in 1 the Philosophical 
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Magazine, London (1919), Bulletin of Calcutta Mathematical 
Society (1920), Proceedings of the Benaras Mathematical Society 
(1921). The Tohoku Mathematical Journal (1920) saw a paper 
again on spheroids but one regarding the distribution of 
electricity. There are few unpublished papers on a variety of 
topics particularly dn ellipsoids and spheroids. 


All the foregoing research papèrs were obviously technical 
in nature. One does not know when he gave up formal 
mathematics so as to opt forindepth study and research on the 
history of mathematics. À glance at the series of articles on the 
history of mathematics shows that his active interes! got off to _ 
a start soiietime in the early twenties of this century. It 
appears that the nationalist feelings prevailed on him so as to 
make him look inward ard to bring to the forc elemc ats of our 
rich heritage in the field of mathematics. This continued 
unabated despite his renouncing the worldly life till the 
middle of the forties. Honestly speaking ne was prolific in 
respect of publications in this direction so much so that one 
finds in the mid-twenties at least three to four articles / paper 
every year. These came out in the prestigious journal: such as 
American Mathematica] Monthly, Bulletin of the Ar erica’. 
Mathematical Society, Bulletin of the Calcutto Mathematical 
Society, Proceedings of the Benaras Mathematical «ciety, 
Journal ofthe Asiatic Society nf Bengal etc. These were, bv and 
large, in English. He was equallyadeptinsimilarcontr;bution-- 
inB. ngaliwhichcameoutalsoinreputed journals like angiya 
Sahitya Parishad Patrika. These research papers «»v« .cu a 
widespectrum. He was intensely involved inthee :ntributions 
of the Hindus, the Jains in the study of Mathematics ^u. his 
did not, to the surprise of many, deter him from. -ing a. 
Introduction of Arabic and PersiamMathernatics into Sans“rit 
literature. Two of his research papers on geometn one 1 aling 
with the contributicn of the Hindus and the otner with that of 
the Jains appeared in the German , urnal entitled "Quel.en 
und Studien zur Geschichte der Mathematik’ in the chi ‘ties 
All these efforts culminated in the publication of t. :'o seminal 
volumes on the History of Hindu Mathematics, the para!lel of 
which are not found even.today in respect of is profundity 


and width. Prof. Ganesh Prasad, being himself favourably 
disposed towards History of Mathematics, invited him to give 
a course of lectures in 1931, in the University of Calcutta. The 
present publication is an outgrowth of this series of lectures. 


The University of Calcutta, being a pioneer in this 
direction, could hardly be impervious to this collection of 
lectures. As the content of the lectures shows, the book is far 
from being a rehash of Sulba Sutras. It is no doubt a commentary 
but it delves deeper into the science of the Sulba which, 
according to modern parlance, is a branch of geometry. The 
historicity of the work is fairly pronounced but the presentation 
of the geometrical discourse is, doubtless, moderninstyle and 
approach. As the preface shows, Bibhutibhusan Dutta had the 
uncanny foresight about mathematical sciences which we talk 
about now-a-days. Bibhutibhusan’s work is thus a precursor 
in the studv of the history of mathematical sciences. The 
postulates and constructions may seem to naive in the light of 
contemporary developments but the chapter on transformation 
of areas is simply superb, at least this will allay misgivings 
about geometric transformations which often appear to be a 
bugbear in thc instructional setting at some levels. The 
bibliography is not merely comprehensive but instructive as 
well. 


This edition of the book brousht out on the occasion of 
the birth centenary of the great savant in the field of mathematics 
will hopefully be a pacesette: of publi.ations which seek to 
project science from the world of wisdom on antiquity. This is 
thus in a way a ceniennial tribute io Bibhutibhusan Dutta 
(Swami Vidyaratna). 


D.K. SINHA. 


Sir Rashbehary Ghose 
92, A.P.C. Road, Proiessor of Applied Mathematics, 
Calcutta - 700 009. Calcutta University 


Plu2FACE 


In this book an attempt has been made to study che 
Vedic ritcs of the Agni-cayana (or '' the construction of nhe 
Firo-altar ') from a point of view, purely secular, quite 
difforent from-that of unravelling their deep mysticism and 
highly speculative philosophy. The whcle purpose has been 
to get as much insight as possible into the knowledge ana 
echievements of the Hindus in the science of mathematics, 
more particularly in its branch of geometry. The Agist- 
cayana revels an important espect of tho Hindu genius 
of which the student of the Vedic culture is apt to lose 
sight. Most scholars, when they think of the genius of 
the Vedic Hindu, are naturally more attracted by his nopls 
religion, sublime philosophy, enormous extent anc most 
vewiod character of his rich literature, and sharraing devo- 
tional poetry. But the Vedic Hindu, in his great quest of 
the  Parü-vidyaà (‘' Suprome knowledge "), Satyusya 
Satya, ('* “ruth of truths,” '' Absolute Truth’), made 
progress in the Apard-vidyd ('' inferior knowledge,” '* rela- 
tive truths’’), including tho various arts and sviences, to 
a considerablo cxtent, ond wiih a complcteness which is 
unparalleled im antiquity. Of these the special concern of 
*4is volume is with the Vedic science of geomctry, techni- 
cally called by the name Sulba. 

The writer is fully conscious of bie’ limitalions to per- 
form in th proper way thé arduous task that ke has 
undertakon. ‘Truly he fcels, to speak after the immortal 
poet Kalidasa, 
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Vill PREFACE 


“ How grcab i. the science which revealed itself in the 
Sulba, and how meagre is my intellect! I have aspired 
to cross the uncorqucrablo ocean in a mero raft." Moro- 
over. the work hud had to.be done hurriealy witi in a short 
time at his disposal just on the eve of his retirement from 
active life in tho University, in 1930, amidst other 
proparatory arrangemenis consequent thereto. Bo it could 
not be made as comprehensive and thorough as it should 
have been. lt is nevertheless the author's confident hope 
that this imperfect sketcb will create a lively interest in 
the oarly Hindu geometry apeneee the historians of 
mathematical sciences. 


Tt is n pisasurc to express indebiednoss to my isshi 
Professor Ganesh Prasad, for his interest ard cncourage- 
ment for the work. In dcferenee to his wish, I deliver- 
ed, by special invitation of the authorities, a course of 
six lectures on the science of the Sulba, in the University 
of Calcutta, during December, 1981. I tender gretoful 
thanks to Mr. Atul Chandra Ghatak, Superintendent, and 
tho ste of the Calcutta University Press for kindly »xpe- 
diting the book through the Press in order to help me to 
go back te my retirement earlier, Above.all, I remember 
vith pleasure the name of my younger brother, Dr. binode 
Behari Datta, M.A., Ph.D., for uis help and asrocialion 
in cvery way ia this book, 


BIDHUTIVHUBAN DATTA 


Celeutia, 2&th July, 198z. 
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—The Journal of Education. 


The chief feature of this book is thatit desla with rectangnlar 
matrices and determinoids as distinguished from square matrices and 


* The night of publication of thts book is held by the Cambridge 
University Press (Fetter Lane, London, E. C. 4, on behalf of the 
Calcutta University and copies of the book may be had of the firm. 
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determinants, the determinoid of a rectangular matrix being related 
to it just as a determinant is related to a square matrix. The author 
endeavours to set forth a complete theory of these two subjects, and 
uses the first volume to give the’ most fundamental portions of the 
theory. Two more volumes are promised, the second to give the 
more advanced portions of the theory, and the third its applications. 


This is new ground and the author has done a splendid piece of 
vork and with the D MER deserves much oredit.— Mathematical 
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nical terms. One thing, however, is certain; we now have the 
outlines of a calculus of matrics in which the operations of addition, 
subtraction, and multiplication are definite. — Nature. 


The present volume worthily maintains the traditions of the 
Cambridge University Press, and is a moat valuable addition to 
the rapidly growing series of volumes for which the Readership at 
the University of Caloutta ig responsible,—Science Progress. 


* The right of publication of this book is held by the Cambridge 
University Press (Fetter Lane, London, E. C. 4) on behalf of the 
Calcutta Unicersity and copies of the book may Us had of the firm. 
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*Chapters on Algebra (being the First. Three Chapters of 
Matrices and Determinoids, Vol. III), by C. E. Cullis, 
M.A., Ph.D.. D.Sc. Sup. Royal 8vo pp. 191. 1920 
Rs. 11-4. 


This Volume deals with rational integral functions of several 
scalar variables &s also with functional matrices. 
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Tbe author's purpose is to deal with a selection of principles 
and generalities that belong to tbe initial stages of the theory of 
functions of two complex variables. The consideration of re- 
lationa between independent variables and dependent variables 
hss been made more complete with illustrations in this publica- 
tion. 


Analytical Geometry of Hyper-spaces, Part I (Premchand 
Roychaud ‘Studentship thesis, 19)4), by Surendra- 
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This volume is an endeavour to give ag complete an account of 
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commencing a systematic study of the higher curves, indicating 
references to original sources &s far as practicable. It is very useful 
to studenta of higher plane curves. 


Parametric Coefficient (Griffith. Memorial Prize, 1910), 


by Prof. Syamadas Mukhopadhyay; M.A., Ph.D. 
Demy 8vo pp. 81. Rs. 8-0. 


Collected Geometrical Papers, by Prof. Syamadas Mukho- 


padhyay, M A., Ph.D. Crown 4to pp. wii+158. 
Rs. 4-0. 


Part II. Crown 4to pp. vit+187. Ks. 3-8. 


Professor J. Hadamard Paris: ‘* My interest in your new 
methods in the gsometry of a plane aro, which I bad expresyed in 
1900 in an bra ierat note in the revue generale des sciences, has 
far from diminished aince that time. 


Precisely at my seminaire or colloquum of the College de France, 
we have reviewed such subjecte and all my auditora and colleagues 
have been keenly interested in your way of researches which we all 


consider as one of the most important roads open to Mathematicul 
Boeience, ” 


Professor F. Engel, Getssen: ' ( am surprized over the beuu- 
tiful new calculations on tbe right-angled triangles and three-right- 
angled quadrilaterals (in hyperbolic geometry)......Your analogies in 
the Gaussian Pentagramma Mirificum are highly remarkable.” 


Professor W. Blaschke, Hamburg : ‘‘ I am much obliged to you 
for your kind sending of your beautiful geometrical work. When, us 
I hope, à new edition of my Differential Geometry comes out, I shall 
not'forget to mention that you were the first to give the beautiful 
tneorems on the numbers of Oyolic and Sextactic points on an oval." 


Prof. Blaschke has quoted S. Mukhopadhyay in the third edition 
(1980) of the first volume of his classical work on Differential 
Geometry. 


Professor A. R. Forsyth, London ; ‘* The first part of your Collec- 
ted Geometrical Papers is an attractive record of fine mathematical 
attainment: and I am glad to learn, not only of the manifest 
advances you have made in our science, but also of the stimulus your 
work haa afforded to other EON I can offer you no better wish 


and suggest no prouder aim continual success in your Re- 
searches.” 


: 6 
Proj. T. Hayashi, Japan : ** Your Collected Geometrical Papers, 
Part I, 18 very important to the progress of geometry and is to be 


highly appreciated by geometricians in the svorld. We regret indeed 
that most of yonr valuable papers have remained unknown till now. 


But the collected papers should be welcome to raise your position 
In geometrical research." 


Professor F. Cajon, Cahfornia : “I congratulate you upou 
your success in researoh. Jf ever I have the time and opportunity to 
revise my History of Mathematica I shall have occasion to refer to 
your intexesting work." 


Professor P. Montel, Parts : '* Many thanks for sending me your 
beautiful work '' Collected Geometrical Papers " I am acquainted 
with many of the memoirs inserted therein and I am happy in having 
them in a handy united form. I am thua in a position to judge anew 
of the simplicity and rigour of your methods which have led you to 
elegant results.” 


Prof. L. Godeau, Liege: ‘' A first reading of your papers has 
rouged-my keen interest. I intend making an exposition of these 
questions early to my students of Geometrie Superieure, an exposi- 
tion to which I reckon to join that of works of M. Juel.” 


Prof. T Levi-Civita, Rome: '' I have received the valuable, 
very ingenious papers you have had the kindness to send me. I have 
no special knowledge of the subjects you have treated in so deep and 
interesting manner. But also a general reader of mathematical 
pupers is able to appreciate the results of your investigations and the 
penetrating methods you have employed." 


Vector Calculus (Griffith Memorial Prizé, 1917), by Durga- 
prasanna Bhattacharyya, M.A. Demy 8vo pp. 91. 
Rs. 8-0. 


An attempt has been successfully made in this book by the 
author to place the foundation of vector-analysis on a basis indepen- 
dent of any reference to Cartesian co-ordinates-and to establish the 
main theorems of that analysis directly from first principles as also 
to develop the differential and integral calculus of vectors from a new 
point of view 


Solutions of Differentia! Equations (Premchand Roychand 
Studentship thesis, 1896), by Jnansaran Chakravarti, 
M.A. Demy 8vo pp. 54. Rs. 3-12. 


The subject of the bcok is an enquiry into the nature of solutions 
of differential equations, chiefly with reference to their geometrical 
interpretation, and the investigation of the connection that exists 
between the complete primitive and singular solution. 
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Reciprocal Polars of Conic Sections (Pre mohand Roychun 
Studentship thesis, 1900), by Krishnaprassd De, M.A 
Demy 8vo pp. 66. Hs. 3. 


An introduction to the Theory o? Elliptic Functions and 
Higher Transcendentals, by Ganesh Prasad, M.A., 
D.Sc., Hardinge Professor of Higher Mathematics, 
Calcutta University. Royal 8vo pp. 110. 1928. 
Rs. 8-12. 


Theory of Fourier Series, by Ganesh Prasad, M.A., D.Sc. 
Royal 8vo pp. 152. 1928. Rs. 5.4. - 


From a letter to the Registrar from Professor Henri Lebesgue of the 
Paris University, Member of the Institute. of France (translated 
into English) : 


- “PARIS, 
The 19th October, 1928. 


SIR, 


I have the honour to acknowledge the receipt of ‘ Bix Lectures 
on recent Researches in the Theory of Fourier Series,’ by M. Prof. 
Ganesh Prasada 


I have pleasure in finding in that work a simple and clear ex- 
position of the actual state of advance of ceitain of the most import- 
ant problems concerning trigonometrical series. The documentation 
is true and complete: it is only once that I have had occasion to 
find anything in which the erndition of the author appears to be in 
default: M. Kolomogoroff, purauing the studies indicated on p. 58, 
has obtained an example of a function of summable square of which 
the Fourier Series diverges everywhere. 


For justifying the enunciation which he gives, M. Ganesh 
Prasad utilises the original demonostration of the first author: then 
he gives a historical note, very interesting by the side of the old 
demonostration. M. Prasad gives always, whenever possible, as 
simple a proof as the question under consideration would allow. 
Many of these proofs are due to M. Prasad himself, for example, 
that which M. Prasad gives on pages 69-61 for a criterion for the 
summability (C 1) which I enunciated at another time. 


M. Prasad presents his researches elegant and interesting, by 
which he has carried further the classical work of da Bois-Reymond.” 


From the review by Professor L. Breberbach of the Berlin 
University in the Jahresbericht der deutschen Mathematiker-V ereini- 
gung (translated into English) : ‘‘ The work gives a comprehensive 
account of tbe results on the convergence and summability of Fourier 
Beries, things about which the author has also earned merit,” 
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Six Lectures on the Mean Value Theorem of the Differen- 
tial Caioulus, by Ganesh Prasad, M.A.. D.S8c., 
Hardinge Professor of Higher Methematics, Calcutta 
University. Royal 8vo pp. 108+ viii. 1981 Ra. 8. 


From a better to the Registrar from Professor E.R. Hedriok’ of the 
Universtiy of Califorme, Los Angeles, and President of the 
American Mathematical Society : 


"October 28, 1931. 
* Drak Br, 


I am writing to thank you and to express my appreciation ‘oi 
the bool itself and of your kindness in sending it to me. The 
scholarly work of Professor Prasad is known to mathematicians 
throughont the world and I feel sure that the present volume will 
add greatly to his reputation as an eminent mathematician.”’ 


From a letter to the Registrar from Professor A. Pringsheim of the 
University of Munich (translated into English) : 


& “Mort CH. 
10H. December, 1981. 


VERY HONOURED Mn. MUKHERJEE, 


For the sending of the beautiful book of Prof. Prasad on the 
mean-vaiue theorem of the Differential Calculus, which has interest- 
ed me vividly, I express to you my sincerest thanks."’ 


Khandakhadyakam, edited by Pandit Babua Misra, 
Jyotishacharyya. Demy 8vo pp. 217. 1925. Rs. 2. 


The book is an astronomical work by the great Scholar 
Brahmagupta. Itcontaina the commentary called Visani-Bhisya 
by Amarāja. This is the only available work which describes one 
of the two systems of astronomy as tanght by Aryabhata I (born 
476 A.D.), generally knowa as ArdharStrika syatem and is different 
from the Audayike System as taught in his Arya-bhatiyam. f$ 
was widely read by Arab Scholars and was known by the natue of 
Alarkand. Hence it is a very important work on the History of 
Hindu Astronomy. 


CHAPTER I 


SULBAS 


The Sulbas, or as they &remore commonly known at 
present amongst oriental scholars, the Sulba-stitras, are 
manuals for the construction of altars which are necessary 
in connexion with the sacrifices of the Vedie Hindus. 
They are sections of the Kalpa-siltras, more particularly! 
of the Srauta-stitras, which form one of the six Vedüngas 
(or ‘‘ The Members of the Veda ’’) and deal specially with 
rituals or ceremonials. Each Srauta-süira seems to have 
its own Sulba section. Bo there were, very likely, several 
such works in ancient-+imes.2 At present we know, how- 
ever, of only seven Sulba-sitras, those belonging to the 
Srauta-süira of Baudhfiyana, Apastamba, Katyayana, 


1 The Kalpa-sütras are broadly divided into two classes, the Grhya- 
sütras (or '' The rules for ceremonies relating to family or domestic 
affairs’ such ag marriage, birth, etc.) and the Srauta-sutras ('* The rules 
for ceremonies ordained by the Yeda” such as the preservation of sacred 
fires, performance of the sacrifices, ete.). Tho Sulba-stiras belong to 
this latter class. 

2 We have 15 on the authority of Pataüjali (160 B.O.), the Great Com- 
mentator of Panini’s Grammar, that there were as many as 1,131 or 
1,187 different schools of the Veda. 


^ qafeafirat at way, THREE, | 
ayaa} rS, TAM Wrest Fz; aR ary ^ 
Or '' There were 21 different schools of the #g-veda; 101 schools of 
the Yajur-veda ; 1,000 of the Sáma-veda ; and 9 or 15 of the Atharva- 
veda." Hach school of the Veda had its own Srouta-sütra and hence 
probably its own Sulba, Thus it seems that there were numerous 
manuals of geometry in ancient Indie. But most of them or. now lost. 


9 BAUDAAYANA SULBA 


Manavs, Maitrayans, Varaus and Vadhuls.! Thesa 
manuals are also found separately. 


As relnt.d to the different Vedes, the Sulba-sitras 
of Baudlàyana, A) ustambi, Mänava, Maitrayana and 
Vür&ha belong to the Krana Vajur-veda ; œd the Katya- 
yana Sulha-sut-a to the Sukla Ya;ur-vede. 


ft wis perhaps primerily 2 connexion with the con- 
st.uction of tke secrifcial altars of proper size ard shape 
that the protleas of geomevry and also oi arithmetic and 
algebra presented themselves, aad were studied in ancient 
India, just as the study of asirconc my is known to. have 
begun and developed out of the necessity for fixing the 
proper tim, for the sacrifice." At any rate, from the 
Sulta-sulras, we get a glimpse oi th. knowledge of gec- 
motry that the Vedio Hindvs had.? Inciuentaly they 
furnish u» with s few other subjects o; much mathemati- 
cal interesv. 

Of al. the extant Sulbas, shat of he Baudhayana is the 
biggest anc is aleo, perhaps, the oldest. Ib is civided into 
turge chapters, The first chapter conteins 116 sitiras 
(‘‘ aphoriams ’’) of whicu the oper' ng two are merely 
“utroducto.y ; süira« 8-21 defir> the various moasures 
ordinari; employe. in the Sulbc3 ; siltras 29.62 give 
the more important of the gecmetriesl . propositioas 
necvssary lor the canstruction or the sacrificial altars ; 
and stiras 68-116 deal Lriely with the relative positions 


1 In the commentary of Karavindasvem! on the ‘pastamba Sulba 
(xi. LI), we find reference to two othe: works, v's. Masaka “ulta sud 
Hironyakesi Sulb., which are not avulable now. There is also a q tbe- 
tion from t.e latter work (Ap, vi. 10). 

2 Jibhutibhush.n Datta, ‘Th. Scope and Developr ent of'the Hindu 
Ganita,” Ind. H. t. Q*.art,, Vol. 6 (1929), pp. 479-512. 

3 Thor: are reasons to believo that side by s:3e with the practice’ geo- 
metry of ts Sulbas, the Vedin sacrificial pr osts had alo aa esoteric geo- 
metry ^a their sec: et property. 
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and spatial magnitudes of the various vedis (or *' altare ' ). 
The second chapter sonsists of 86 siitras of which the 
major portion, eütras 1-61, is devoted tu the dascriptiou of 
the spatial relations in the different constructioas of the 
Agnis (or ‘‘the large Fire-altars made of pricks '') in gene- 
.al, and tus remaining portion, suütras 62-86, elaborates the 
construction oi the two -implest Agnis, viz., the Garhapu- 
ira-citi (or '* Te House-holder s Fire-altar’’) and Chandaá- 
citi! (or “ Tl e Agni made, as it vere, ot mantras instead 
of bricks"), The ¿hird chapter, in altogether 828 sitrus, 
describes the construction of c3 many as aever. teen Tifferent 
kinds of Ldmya Agris (or '' the altars for tke sacrifices 
performed with a view tc attain definite ob‘ects ’’) of 
rether complex nature. In case of sme, the descrip- 
tion is qui’e elsborate aud minute in details, but in other 
casas ib is :ess 80. 


The Sulba-sütra of Apustamba is broadly divided iuto 
six patalas (or '' sections ò. Of these the first, third and ' 
ihe fifth are each subdivided again into thre: adhydyas 
(or ‘‘ chapters ’’) und each of the remaining, seutions into 
four chapters. So that altogether the work contain 
twenty-one chapters and 228 süíras. The first section of 
the manual. chapters i-jii, gives the important geometrical 
propositions required for the construc‘ion of altars 
The second section or the chapters iv-vii, describ the re- 
-ative positions of th. varicus vedis and their spatial wag- 
nitudes. Unlike Baudhayan., Apastamba here indicaves 


! In case of the Chanda£cit, uhe agnicit (“ the Fire-altar-bailder ''j 
draws on the ground the Agni of the presc. "bed shee, ordinarily of 
tao primitive shape of the falcon. He then go 3 through the whole 
prescribed »rocez3 of construction inagini,, ali the while as if he :5 
Placing ever, brick .n ity proper p'ace with the appropri*te m.antras, 
The mantras are, indeed, mutw "ed but tha bricks sre nut actually laid 
Hence the nume Chandaéciti, toat is, the oil: or altar made up of 
c' andes or Vedic mantras in teed of bricks or loose muu pieces, 


4 KATYAYANA BULBA 


briefly also the methods of their construction. They 
are of course the particular applications of the general 
geometrical theorems taught in the earlier section. The 
remaining sections of the Apastamba Sulba-siitra, com- 
prising the chapters vii-xxi deal with the construction of 
the Kaémya Agnis. It is noteworthy that almost the 
same set of geometrical propositions are taught by both 
Baudh&ysna and apastamba. But the latter has treated 
of a smaller number of varieties of the Kümyas than 
the former. For instance, Apastamba teaches only one 
kind of ratha-cakra-citi (or '' the wheel-shaped altar ’’) 
whereas Baudhayana gives two. 


The Sulba-süira of Kàty&yana, also known as Katyd- 
yana Sulba-pariéisia or Katiya Sulba-parisista, is divided 
into two parts. The first part is composed in the style of 
the sūtras or aphorisms, as those noted above, while the 
second part is composed in verses. The earlier part is 
again subdivided into seven kandikas (or “ short sec- 
tions ") containing altogether 90 siitras. It teaches the 
geometrical propositions, the different measures employed 
in the work, and the relative positions and spatial relations 
for the different constructions of the Agnis. This manual 
does not treat of the construction of the Kümya Agnis. 
It is because that subject has been treated in a 
different chapter of the .Kdtydyana Srauta-sitra.! The 
second part comprises nearly about 40 or 48 verses.? It 
gives mainly a description of the measuring tape (rajju), 


1 KSr, Obap. xvii. 

1 There is a bit of uncertainty about the total number of verses in the 
Pariíisja of the Kātyäņyana Sulba, The manuscript of it that is 
preserved in the Library of the India Office, London (No. E 363), has 
48 verses, whereas ihe manuscript in possession of tha Bhandarkar 
Institute, Poons (No. 74 of A 1881-82), shows only 40 verses. The latter 
M$. also includes the commentary of Mahidhara on that manual snd he 
counts 43 verses. 
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` 


the gnomon, the attributes of an expert altar-builder and 
also a few general rules for his conduct. Some of the 
processes of construction described in the earlier part 
together with a few other new matters, ‘though of 
comparatively minor importance, also appear there. I think 
the title Kdtydyana Sulba-parigista or (‘‘ The Appendix 
to the Sulba of Katyayans ’’) was originally designed for 
this part and should be kept reserved to it, even now. 
For it is really a sort of an appendix to the earlier 
part, the Katyayana Sulba proper. The commentator 
Rama is also of the same opinion as we are. And 
the same differentiation is found to have been scrupu- 
lously maintained by Yajfiika Deva, the commentator of 
thé Katy@yana Srauta-sutra. Kabtyayana observes that 
the second part, especially the recapitulations in it, was 
meant to help those whose intellects are too poor to be 
able to fully grasp the inner meanings of the compositions 
in the sūtra style. - Compared with the works of Baudha- 
yana and Apastamba, the Sulba of Katyayana presents 
some interesting features as it exhibits the whole body of 
geometrical knowledge required for the Vedic altar-builder 
in & more systematic form. 

The Sulba-sütra of Manu is & small treatise composed 
in both prose and verse. It is dividod into seven khandas 
(oc *' parts,” '' sections "). In the first section is given a 
description of the measuring tape, the gnomon, measures, 
four methods of determining the cardinal directions and 
also a method of constructing & square on a given straight 
line. It may be noted that ve do not find in the 
Apastamba and Baudhayana Sulba-sstras any method of 
determining the cardinal directions, though it is essentially 
necessary for the proper construction of the sacrificial 
eltars to have an accurate knowledge about them. They 
proceed on the assumption that the cardinal directions are 
already known. Katyàyane teaches three methods for the 
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same, while Manu teaches as many as four. The aec5ion& 
li-7i treat of ‘he r :lative positions, spat.al magnitudes and 
also the methods of the construction of the the, different 
vedis. Here we find mention of certain vedis, e.g., 
the Pàá*tayajfuki, Maruti and — Vüruni vedis which are 
not included in the abovementioned manuals. The 
last section ot the Münava Sulba-siitra furnishes us with 
some h:nts about the sacr-ficial fees. It also describes 
the method of the construction of the Suparmmnae-citi. 
This citi is not found in other Julla-siivras. ~ But for the 
hea., its spatial magnitudes are the same as thosc of the 
most primitive citi, the &pluvidha-su.raini-rrddega- 
caturasra-Syena-cit, described by Dbaudhiyana ad 
others. 

Th» Maitrüáyaniya Sulba-»ütra `s a different receasion 
of tue Mdnave Sulba-sütra. They cover almost the same 
ground and, more than that, niany passages of them are 
icontical. But stil they should not be mictaker as 
one and the same work. “he arrangement of matter in 
them is not parallel. And there are al-o other marks of 
distinc ion bevween them. The Maitráyom Ja Sulba-sütra 
‘5 comprised of four khandas (or '' sections ’’). 


The Várüha Sull'-süitrais very closely related to tue 
above two works. There are found several repetitic js 
between these worl:s. This will not seem strange if we 
re.nember tiat they belong to the s.me school of the Krana 
Yajui veda. Similarly we find in these Sulba-sitras 
repetition of a few verses of the Kdtyayar: Bulba- 
varigigta. The Virdha  Sulla-süira ir broadly divided 
into three parts and each part is agsin subdividee into 
gevernl sectio 8. 

As regards «heir impurtance, the aveilable Sulba- 
sittras can sharply be divided into two classes. The first 
class wil include the manuale of Baudhayana, Apastamba 
aud Kiyāyana. They give us an, insight into .he early 
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stase of Hindu geometry before the rise und advent „ithe 
Jtina Sect (500-300 B:C.). The dulla-sitras of Manava, 
Varéhe  Maiirüáysna and Vadhula add nracticaly very 
little to ovr stock of information `n this respevt. Bo they 
may ba considered to 5e of minorimportance from our 
point of view. 

In the title Sulba-sitra, tho word sūtra means an 
“ aphorism,” ‘‘achort rule." Ib simply describes the 
style of tue composition of the worxs and ha practically 
no refr~ence to their subject-matter. The science itself 
is really called the Sulba And that is, in gact, the origina’ 
title of the manuale. It is vy this title that the Sulba- 
sūtra of Apistamba has been mentioned in his Srauta- 
sitra.? The commentators are oflertimes found to speak 
of the Sulba of Baudhayans, the Sulba of Apsstumba, eto. 
This will Le further confirm ¿d by the commonly know” vitle 
of the second purt of the worl: attributed to Katyiyana, 
namely the Sulba-parisigta (or "The Appendix to the Sulba’’) 
and also by the title S.lbi-kriyad (or '' The Practice of the 
uibo ’’) given to that appendix in itself. TLus it is 
proved eonoelurivelv that thc true name o* the subject is 
Sulba. As the ulba de ls with the science c2 geometry 
and its application as known ano. gst tne early Eindus, 
we conclude tha. the earliest Hindu name for geometry 
was Sulba. Geometry was thon some mnes also called 
Rajju, 28 is evident from the opening sutra of the Sulba 
of Katyayaaa, '' I shall speak oí the ‘ Col'ectior of (rules 
regarding) the Ra‘ju.’’’ There are many dther reliable 
pieces of evidence .sding strongly to the same conclusicn. 4 


1 Foran .nsigat into ‘Hinay geometry after the odvent of the 
Jainas th. reader is aferred to the author's article ‘‘ Geometry iu che 
Jaina Oosmograyhy," :n Quellen und Studien gur Geschichte der 
Mathematik, Abteilung B, Bd. 1, 1080, pp. 245-954. 

g Apsr, xvi. 26. 2. 

3 Bibhutibhoshan Datta, “ Origin and History of the Hind Nam 3 
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In Sanskrit, the words éulba and rajju have the identi- 
cal significance, which is ordinarily ‘‘ a rope," ‘ a cord.” 
The word gulba or sulva is derived from the root éulb or 
gulv meaning ‘‘ to measure ’’ and hence its etymological 
significance is ‘‘ measuring °’ or '' act of measuremens.”’ 
From that it came to denote “a thing measured ' and 
consequently '' a line (or surface)’’ as well as '' an instru- 
ment of measurement " or '' the unit of measure.” Thus 
the terms éulba or rajju have four meanings: (1) men- 
suration—the act and process of measuring; (2) line (or 
surface)—the result obtained by measuring; (8) a 
measure—the instrument of measuring; and (4) geometry 
—the art of measuring. In the ancient literature of the 
Hindus we indeed find mention of three kinds of measure 
—inear, superficial as well ss voluminal—having the 
game epithet rajju. In the Sulbas the measuring tape is 
called rajju. And we further find there the use of the 
word in the sense of ‘‘ aline” also. For instance, we 
have the term akgnay4-rajju=‘‘ diagonal line," Katya- 
yana .observes:! ‘(The terms) karani (' producer ’), 
tat-karani ? (‘ that-producer ’), tiryanmdni (‘ transverse 
measurer ’), parévamani (‘ side measurer ’), and aksnaya 
(‘ diagonal ") rajjus are (' lines ")."' 

In the Münava Sulba? and Maitrüyamiya Sulba,* the 
science of geometry is called the Sulba-vijüàna (or ‘ the 
Science of the Sulba ”).5 One who was well versed in that 


for Geometry,” Quellen und Studien z. Gesch. d. Math., Abtei]. "B, Bd. 
1, 1980. pp. 113-9. 

1 KSI, u. 7. 

3 That 18, dvi-karant, tri-karani, eto. 

3 MaSl, ii. 2. 

4 MaiSl, Ch. i. 

5 This term and also the terms éulba-md and sulba-panprechaka 
for an expert in the Sulba, will further support our conclusion as re- 
gards the earliest Hindu name for geometry. f 
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science was called in ancient India as samkhyüjfüa (or 
“ the expert in- Numbers "), parimanajfie \“ the expert 
in measuring 7) sama-siltra-nirafichaka ('' uniform-rope- 
stretcher "), Sulba-vid (‘‘ the expert in the Sulba ") and 
Sulba-pariprochaka ('* the inquirer into the Sulba'').! Of 
these, one term, vig., sama-sitra-nirafichaka, perhaps 
deserves more particular notice. For we find an almost 
identical term, harpedonaptae ('* rope-stretcher ’’), appear- 
ing in the writings of the Greek Democritos (c. 440 B.C.). 
It seems to be an instance of Hindu influence on Greek 
geometry. For the idea in that Greek term is neither of 
the Greeks nor of their acknowledged teachers in the 
science of geometry, the Egyptians, but ib is characteris- 
' tically of Hindu origin. In the Pali literature, we find the 
terms rajjuka and rajju-grühaka ('' rope-holder ' for the 
king'sland surveyor.? The first of these terms appears 
copiously, in its various case-endings, in the inseriptions 
of the Emperor ÁSoka (250 B.C.). In the comparatively 
later Silpa-sdstras, the surveyor is spoken of as sutra-graht 
or sütra-dhára (‘‘ rope-holder ") and he is further described 
as an expert in alignment (rekha-ja, lit. *‘ one who 


knows the line ’’). 


"- 


i Sl, p. 2. 
3 Jätaka, edited by Fausboll, II, p. 387, 


CHAPTER II 


a 


COMMENTATORS 


There sre now available several commentaries on the 
Sulbas. The more important manvals are fourd to have 
been commented upon by more than one writer. ‘Thus 
we have two commentaries on the Sulba of Baudhayana. 
One of them is by- Dvargkanàthe Yajvé and is named 
Sulba-dipika (‘‘ The Light of the Sulba’’), The other, 
called  Sulba-mimümsü (‘‘ The investigation into -the 
Sulba ’’), is hy Venkatesvara Diksita. On the Apastamba 
Sulba,-there are as many as four well-known commen- 
taries: (1) Sulbe-vydkhya (‘‘The Explanation of the 
Bulba ") by Kapardisvami, (2) Sulba-prudipika ('' The 
Light of the Sulba ") by Karavindasvami, (8) Sulba- 
pradipa (*' The Light of the Sulba ’’) by Sundararaja and 
(4) Apastambiya Sulba-bhadsya ('''The commentary on 
the Sulba of Apastamba ’’) by Gopāla, son of Gürgya 
Nrsirhha Somasuta. Sundarsr&j&'s work is also called 
Sundara-rajiya ('* The work of Sundararéja ’’) after the 
name of the author, as is usual in Sanskrit. I have come 
across two commentaries on the ÉKütyüyana Sulba, 
namely, Sulba-siltra-vrtti (‘‘ The Explanation of the 
Sulba-sütra ’’) of Rima or Rémacanara, son of Siryadisa 
and Sulba-sitra-vivarana ('' The Exposition of the Sulba- 
sutra ’’) by Mahidhars. 

The datos of most of the commentators of the Sulbas, 
more particularly of the notable ones, have not as yet been 
ascertained, even approximately. Nor is it easy to do so. 
The periods to which some of them can be assigned from 
the reference by them to anterior writers and from the 
reference to them by writers posterior lie within such 


RAMA Li 


wiuely varying limits as to be of no tangible value. We 
shall begin here with the notice of those commentators 
whose times are known either definitely or very nearly so. 

We find from the colophon thet Manidhara completed his 
commentary on the Kdtydyana Sulba in- the Sarhvat your 
1646 (21589 A. D.), at Benares. It is also stated there 
that that commentary is based on the Sulba-sütra-vriti of 
Rima. Mahidhara wrote as many as seventeen works on 
various subjects. His Mantramahodadhi was completed in 
1589 A.D. and Visnubl.akti-halpalatd-vrakdéa in 1597. 

The commentator Rima was an inhabitant of Naimisa 
(nesr modern Luckncw). He seems to have been the 
author cf several works such as Karmu-dipika, Kundakrti 
(with commentary), Sulba-vdrttika, Sünkhyayana Grhya- 
puadhot, Samara-sé.a and its commentary, Samara-sára- 
samgraha and the commentaries on the fíüiydyana Sulba 
and Jāradä-tilaka Tantra, The date of composition oi the 
Kundakrti 1s given a3 1506 Vikrama Saivat (1449 A.D.). 
In his commentary on the Katydyana Sulba, Rama has 
quoted copiously f 3m his Sulba-vdrttika (‘The Critical 
Annotaticn of the Sulba ’’) and also from his commentary 
on vhe Sárada-tilaka. There is ^lso a quotation from the 
(Tricatthd of Sridhara (c. 750 A.D.).4 In this work we 
notice some new contriuutious from him. To sconstruvt 
a right-angled tricogle "having ^ given leg (a), Rama 
suggests the employment of a now rational rectangle (a, 
8a/15, 172/165) in addition to those taught in the Sulbas.? 
Bui.the must notable contribution of him is e correction 
to the well-known Sulba value of y2, vis., 


ait ty Lholli. 
samit ataa 848 (1) 


1 yg, i. 30 (com.). The gqroted pessage is the Rule 47 of the 
Trigatika of Scidhara, but there is no mention of any name, 
2 KS, i. 15 (com.). 
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Rama shows that a more accurate (sikamatara) value 
will be given by !. 
1, ] l 1 1 


9214.14.11 2 31. 20 1 , i @ 
v 3^ $4 8454 84.498 8484894 € 


Turned into decimal fraction, the oxpression (1) gives 
y 2==1°4142156868...and (2) yields /2:-1'414218502...... 
According to modern calculation, y 2= 141421856... So 
that Rama’s value for / 2 is correct up to seven places of 
decimals whereas the Sulba value is up to five places. 


It should perhaps be noted that for certain inconsis- 
tency with the Srauta-sitra of Kütyüyana, Rima suspects 
that the Sulba attributed to Katyayana might be written by 
a different person.? But the mconsistency is so minor that 
we cannot subscribe to the opinion of Raima in ttis 
matter. It can be reasonably explained in other ways. 


Sivadasa, son of Narada, a resident of the city of 
Benares, wrote a commentary on the Manava Sulba. ` His 
younger brother, Sankarabhatta is the commentator of 
Maitrayaniya Sulba. Both the brothers quote from Rima 
Bajapeya, who is no other than the commentator of 
the Katydyana Sulba. Sivadase has quoted the’ second 
Bhaskara’s (1150 A.D.) Rule of Three, and also from 
his Lilüvati, by name. He must have been posterior to 
the celebrated Sayana (1820-1380 A.D.) whom he quotes. 


Sivadisa observes : | 
** The study of the Sulba should be begun after having 


finished the study of the science of mathomaties; other- 
wise there cannot be a thorough knowledge of the Sulba.”’ 


1 Ibid,ii.18 (com.). The rationale of this is stated to have Leen 
given in the Sulba-vdrtitko whence this and the preceding matters have 
been taken. 

1 Compare XSI, i. 8 (com.). 


- 
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Of the known commentaries of the Apustamba Sulba - 
the earliest one is, I have good reasons to believe, that of 
Kapardisvümi. This writer is known to have commented 
also on Apastamba-Srauta-sdtra, ^ Ápastamba-süira- 
paribhasd, |Daréapaurnamüsa sūtra, Bhdradvaja Grhya- 
süíra etc. He is quoted by Silapani, Hemadri, Nilakantha 
and others. Now Stlapini lived near about 1150 A.D. 
He was the teacher of the famous Sadgurusisya (1148- 
1198 A.D.), the author of the Vedarthudipikd.  Hemaàdri 
was the minister of King Mahadeva (1260-71) of Devagiri 
and of his nephew and successor Ramachandra (1271- 
1809). ' So Kapardisvami lived befor. the twelfth century 
of the Christian era. He hus generalised a method taught 
an the Sulbas for finding the rational right-angled triangles 
having a given leg. He says: 

'' The added portion is divided into as many parts es 
the number obtained by dividing the (given) leg with 
the added portior by half the added portion ; (put) the 
nirüfichana mark by diminishing the added portion by one 
part." ] 

Let a be the given leg and suppose it to be increased by 
adding a portion ajm, where m is any rational integer. 
Dividing the increased length by half the increment, we get 


a 
dou E AY, 
( ak m m t 1). 
So that the added portion a/m shall have to be divided 
into 2(m--1) parts. Then the nirafichana mark is to be 
made at a distance 


$22 oye Sees ee C 
m m m  2m(m-1)  2m(m-cl) , 
So that 


2m+1 t: "(mm 2 
am? +m 2m? 4- 2m 
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This method is equally availcble even when m is 
a rational fraction; thats, vhen the given leg is increased 
also by a multiple of it, instead of by only a sub-multiple 
of 16. Bus this further generalisation seems to nave escap- 
ed the notice of Kapardisvami. At any rate, his statament 
does not orxpressly “how that h. meant both the cases by 
his generalitation. Karavindasvéami is, however, very 
explicit to leave no doubs in our miad in this respect. 

He says:! 

* In case of all additions, ss many, times the added 
portion as the aum of the given side and the added pcrtiun 
is, into twice so many parts the added portion is divided; 
make the mark there (1.e., in the added portion, at s dis- 
tance) less by one such part. For instance, in caso of 
adding to the given sids iss half, (consider) that nali as 
one part; the given side contains two such parte. S- the 
given aside with its increment contains three pasts like the 
incierent. Dividing the adled portion into twice sa many 
` parts. that mark will be (at a distance) less by one-sixth 
the added portion. So in case cf inereatirg the given 
side by iteelf, the increment is one part ; the given side 
has one part like tt. So the givon side with its increment 
ha two parts. On dividing the increment into twice as 
niany parts, it will be dividud into four paris; then tke 
merk will be (at a distance) less by the iourth part. 
Similarly in case of adding the third part, the added por- 
tion is one part; the given side contains three such parts, 
On dividing the adaed portion into twice as many parts, 
the mark will be (at a distance) less by its one.sighth 
part. In the same way in case of adding the fourth and 
other parts, the sum of the giver eide ane its increment 
should be divided into parts in the same way aad the 
mark should be made (at a distance) iess by one such 


i ApS, i. V vogm.). 
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part Now, when the increment happens to be equal to 
tŁə given side, how is then the given side tó be divid- 
ed? Jiow al'o the mart (should be made)? How also 
in the case when the increment happens to be greater 
(thar the given side)? There also the method is exactly 
ihe samo, we sry. Bu‘ the given side with its increment 
sheuld ther. ba reduced to common denominators; the _ 
sdded portiun should then be divided into twice the 
number of Lari. (thus obtained) an! the merk should be 
made irit (at a distance) iess by one such part. For 
instance, in 2ase of adding twice as much, the increment 
is .ne part and (in terms of it) the given side is & half 
part. Then on adding together the increment and the 
given side after reduction to cómraon denon.inators, there 
wil be three halves, On dividing the increment into 
twice that number of parts, there will be six halves in th. 
denominator; so the mark will be (at a distance) lesa by one 
of these parts. In case nf adding three times, the incra- 
mont is one part; the given side is the third part (of that); 
there the increment contains three third parts. So the 
given side and the increment together contain four third 
parte On div ling the :nerement into twice as many 
ports there will be eight third parts in the denorainator. 
Then the nark will be (at a distance; less by one of these 
yarts. In the case. of adding four times, etc., the divisions 
and the marks snovld be made in the same way.” 

Lat a be the given sido; let it be increased by its +:th 
part. 


a a 
(a+ >+- =m+i 


m] m 
Then LONE Cd Ly un. ll 
m 2mí(r- +1) 
_ Z2m? --2m--1 


a 
apa e e Le 
2m(m r1) ( 2m"--2m , 
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a a am+1. 
m  2m(m+1) n5 2) 


So it follows 


am+1 X2 2m? + 2m +1\2 
24 nam a EE ae 
° 2m* + 2m ) 4 Ima 0n je (1) 





Or let the given side a be increased n times it. 


(a--na)--na- 1 
n 
na-=2/ ntl — ma 
i n ^ 2n42 
" n?a = ( "mra a 
2n +2 2n -- 2 ) 
us seis n? +-2n Ja 
à 2n 4-9 


So it follows 








n2 + 2n n? --2n 4-9 
n+ 'a2=( Un 49 — H zi (2) 
The two results can be combined into one 
9 r3 --2r T242r+2 M? 4 
+( ro aa = ( ee i ) ý 


where r is any rational number integral or fractional. 


Karavindasvami, indeed, wrote a commentary on the 
whole of the Srauta-sutra of Apastamba. He is known to 
be the author of a few other works also. His time is still 
very uncertain, He is found to have quoted, without 
any mention of name, certain passages from the 
Aryabhatya (409 A.D.) of Aryabhata I (born 470).! So he 


1 ApS, iii. 5 (com.) ; the reference is to the Aryabhefya, ii. 9. 
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undoubtedly flourished after the fifth century of the 
Christian era. Though we are not in a position to fix or 
even suggest any closer upper limit to his time, this 
limit seems to us to be too earlier. There is, however, one 
passage in his commentary on the Apastamba Sulba which 
might lead one to take him as belonging to a very early 
age. He has referred to a certain treatise on mathe- 
matics which gives an incorrect formula for the calculation 
of the area of a segment of a circle: } 


arc | arrow 
Area of a segment = -z~ Nen 





This formula is not found in any known treatise on 
Hindu mathematics and we further know that from the 
time ofSridhara (c. 750), the Hindu mathematicians used 
a more approximate formula for the calculation of the 
area of the segment of a circle. Does it then follow 
that Karavindasvünn lived in an age before the time of 
the discovery of that formula, that is, before 750 A.D. ? 
lt may be noted that the other formule in connexion with 
the mensuration of the segment of & circle have been 
stated as correctly as we find in the works of Brahma- 
gupta (628) and other early Hindu mathematicians. 

We are equally uncertain about the time of Sundara- 
raja. This much we are sure that he lived before the 
fourth quarter of the sixteenth century of the Christian 
era, Tor it appears from the post-colophon that the copy 
of the manuscript of his commentary on the Apastamba 
Sulba now in the possession of the State Library of 


I oe anda weg ere wur WruTNTS verf afer 
arurifafa 17 —4Àp$1, ii. 6 (com.). 
But on a different occasion (A31, vii. 14-16, com.), he says 
C sed q areata aye: memi 


This indeed gives accurately tha ares of ths sector of the cfrole. 
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Tanjore (No. 0160) was made in Sarhvat 1688 (=1581 
A,D.), and that in the Government Collection of the 
Asiatic Society of Bengal in Samvat 1645 (=1588 A.D). 
Sundararaja is found to have quoted from Dvirekenitha 
.Yajva’s commentary on the Baudhayana Sulba a few 
passages dealing with the transformation of a square into 
a rectangle having & given side, the correction to the 
Siiba formula for squaring the circle and vice versu, 
-enl&rgement of an altar and certain other matters. 

Dvarakanatha must be posterior to Aryabhata I (499) 
whom he quotes.! He proves with the help of illustrative 
examples that the mcthods taught in the Sulbas for the 
squaring of & cirele and vice versa do not lead to an 
accurate resuib as compared with that obtained by the 
method of Aryabhata, If 2a be the side of the square 
equivalent to the circio of radius r, then according to the 
Suiba, 


rea 42 —1), 


EMEN UNE AERE ORE LR 
=r- taa 8398! 839.68" 


These ead to 7z-:9:0888..,  8'0885..., respectively. 
Dvàraksnátha Yajvi emenda thera to ? 


s a i 
= —(^49—1 EbeÓ——-— bh 
T } a+ t 2 He ize ) 


- 


7 T T T 1 8 
-( "rw xmas) ms) 


These wil work cut #=3°141109..., 8:157901.... 


! BSI, i. 60 (com.) ; the quoted passages are Aryabhativa, li, 7, 10. 
á BSI, i. $o (com.). 
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Dvérakanitha Yajva states that 


LR angulis=5 angulis 21%} tilae, 


| 24 45 nsa 
Ja angulis==8 angulis 32 tilas, 


MR mE 
vs angulta=8 anguis 28 PME ^ 


From these we get a 


“4 a 
a = *580.... ‘5784818725... -5784318720... 


According to modem calculation 1//38= :5718... 


Tt should be noted that there were also other com- 
mentators of the Sulbas anterior to those who are known 
to us now. Kapardisvami, the earliest known commenta- 
tor of the ‘dpastamba Sulba has referred to at least 
` one such anterior commeniator.!: ^ ` | 


- P 


‘ io fae (UU 
* " WPeeu  wwueeprwrefawWudid4i auf Qaae, 
wafeafeafufa arare egesta aaa... 1” Apd, vii, 10 (com.). 


CHAPTER III 
GROWTH AND DEVELOPMENT OF THE SULBA 


It has already been observed that the science of geo- 
metry originated in India in connexion with the construction 
of the altars for the Vedic sacrifices. We now propose to 
treat this point more fully. We shall further trace, as far 
as possible, the growth and development of the Hindu 
Geometry from iis earliest state down to the one in 
which we find it now in the Sulba. Much has been 
done before in this respect, by Birk in his masterly 
introduction to his edition of the Jpastamba Sulba.! Much 
more still remains to be done. 

The Vedic sacrifices are mainly of two classes: Nitya (or 
*' indispensable,” ‘‘ obligatory ’’) and Kaémya ('' optional," 
“intentional "). The performance of the sacrifices of the 
former ciass is obligatory upon every Vedic -Hindu. It 
will be asin for him if he does not do them. But it 
is not so with the saerifices of the second kind. For they 
are to be performed each with the sole motive of achiev- 
ing a special object. Those who do not aim at the attain- 
ment of any such object need not perform any of them. 

According to the strict injunctions of the Hindu 
Sdstra (or ‘‘ Holy Scriptures ’’) each sacrifice must be made 
in un altar of preacribed shape and size. It is stated that 
even a slight irregularity and variation in the form and 
size o£ the altar will nullify the object of the whole ritual 
and may even lead to an adverse effect. So the greatest 
care has to be taken to have the right shape and size of 
the altar. 


1 Apastamba-Sulba-sitra, edited and translated with an introduc- 
tion by Albert Birk, ZDMG, LV and LVI. 
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There are multitudes of the altars Of the Nitya Agni 
(or '' the altars for the obligatory sacrifices ’’), the three 
primary ones are the Gürhapatya, Ahavaniya and Daksina. 
Every Vedic Hindu has to offer sacrifices in them daily. 
Other. obligatory sacrifices are seasonal and are performed 
at special periods. According to the nature of the oblations 
they are broadly subdivided into three groups: (1) [ati Yajfia 
(or ‘‘sacrifice with oblations of buiter, fruit, etc.’’) such as 
Dara and Paurnamdsa sacrifices which are performed at 
every new-moon and full-moon respectively; (2) Paáu 
Yajita (or ‘‘ Animal sacrifice ’’) such as Nírüdha pasubandha 
which must be performed once every year, more parti- 
cularly, on & new-moon or full-moon day in the rainy 
season; or according to a different school twice every year 
at the time of the winter and summer solstices; (8) Soma 
Yajfia (‘Soma sacrifice '"). This last sacrifice is very big 
and expensive and so cannot be performed often. But it 
must be performed in afamily of Vedic Hindus at least 
once in three generations. 

Now we find it from the Sulba, that the altar of the 
Garhapatya must be of the form of a square, according 
to one school, and a circle, according to a different school. 
The altar for the Áhavaniya should be always square and 
that of the Daksina semi-circular. The area of each, 
however, must be the same and equal to one square 
vydma (1 vyáma-—96 angulis). So the construction of these 
three altars, it will easily be recognised, pre-supposes the 
knowledge of the following geometrical operations :— 


( To construct a square on a given straight line. 
(i) To circle a square and vice versá. 
(iti) To double a circle. 


The last problem is the same as to svaluate the surd 
^ 9. Or it may be considered as & case of doublirs a 
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square and shen circling ii. Bo in that csse, we gel al 
the proposition :— 

(iv) The area of the square on the diagonal of a square 
is double the area of that square. 

The Saumili-vedi or Mahd-vedi is. described as an 
isosceles trapezium whose face is 24 padas (or prakramas), 
base 30 padas and altitude 86 padas. The Sautrémani- 
vedi is stated fo be an isosceles trapezium similar to and 
with an area one-third that of the Mahd-vedi, and the 
Paitrki-vedi is one-ninth cf -the latter. The Prügvamáéa 
is & rectangls. These and other similar altars lead to the 
operaticns : 

(v) To construct a rectangle having given sides. 

(vi) To construct an isosceles trapezium whose face; 
base and altitude are given. 

(vii) To find the area of an isosceles trapezium. 

(v:ii) To construct an isosceles trapezium whose area 
will be equal to a simple multiple or sub-multiple of, and 
which will be similar to, another isosceles trapezium. 

Geometrical operations of more complex nature are 
required for. the accurate construction of the Kamya 
Agni (or ‘‘ the fire altars for the .sacrifices to achieve 
special objects '"). Amongst them the most ancient and 
primitive form is the Syena-cit (or '' the altar of the form 

we 
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of the falcon '"). The tman (or ''body," ''trunk ") of: 
this citi (or '' altar "") consists of four squares of one square 
purusa each. Each of its wings is arectangle of one 
purusa by one purusa and one aratni (= $ of a purusa). 
Its tail is a rectangle of one purusa by one purusa and a 
pridesa (= +, ofa purusa). This altar is more usually 
called Saptavidha-sdratni-prddesa-caturasra-syena sit be- 
cause its area is 74 square purusas,its shape resembles that 
ofa falcon (éyena) and because the bricks used in its 
construction are square. 

The Fire-altars for other optional sacrifices are pre- 
scribed to be of different shapes. Thus we find altars also 
of the shape of (2) vakra-paksa vyasta-puccha syena (or 
‘‘the falcon with bent wings and outspread tail’’}, (8) konka 
(‘heron ’’), (4) alaja (a kind of bird), (5) praiiga (‘‘triang!e”’ 
usually an isosceles triangle), (6) ubhayutah proŭga 
(‘* triangles on both sides,” that is, a rhombus), (7) ratha- 
cokra (‘‘ chariot wheel ’’), (8) drona (‘‘trough’’), (9) samuhya 
(‘‘eambined ’’), (10) paricayya (‘'circular’’) (IU smasana 
(‘‘cemeiery’’), (12) kurma (“tortoise”), eio. Each of these 
altars sha!l have the same vrea as “that of the standard 
form’ of vhe Syena-cit, that ie 74 syasre purvsas 

For the accurate scnstructic.1 ot these altars, previous 
knowledge o: the following principal geometrical propost- 
lioag will be essential besides {hose notea above and a fow 
othors : 


(iz) To construst a souare equal toa simpie multiole 

for sub- -muitiple) of unothar square. 
(z) To construct a-square equal to the cam or diffar- 

ence of two unequal squurés. 

fvi) To transform a rectangle into a squere aud vice 
vers. 

(zi) To construct a triangle or a rhombus equal to & 
square. 


04 PYTHAGOREAN THEOREM 


À knowledge of the following important theorem 
is most indispensable for the geometry of the altar- 
construction. 


(zi) The area of the square described on the diagonal 
of a rectangle is equal to the sum of the arens of the 
squares described on its two sides. 


Every one of the altars is constructed with five layers 
of bricks, which together come usually up to the height 
of the knee (=32 angulis). In some cases the use of more 
layers of bricks is permitted with the proportional increase 
in the height of the altar. Now every layer, it is pre- 
scribed, contains a definite number of the bricks of speci- 
fied shapes, l'or instance, each layer of the square 
Garhapatya altar is constructed with 21 bricks of square 
or rectangular shape and each layer of the Caturasra 
Syena-cit consists of 200 square bricks, Again in the 
case of the altara of other optional sacrifices, shape of the 
bricks are varied, but the number of them to be employed 
in the construction remains the same, i.c.. 200. Sometimes 
the one and the same altar is constructed in different 
patterns. All these have given rise to (1) the problems 
of the division of figures into a particular number of parts 
of specified shapes and also to (2) certain interesting 
problems of indeterminate character. 


It has been stated above that a Kdmya Agni has an 
area of 74 square purusas. Thatis the case only at the 
first construction of the altar. At its second construction, 
the area has to be increased by one square purusa; at the 
third construction by two square purusas; and so on until 
to the size of 1014 square purusas. But the strict injunc- 
tion of the scriptures is that the shape of the altar on the 
whole, that is, the relative proportion between its different 
constituent parts at any construction, must not be altered. 
Thus arise the problems of constructing similar figures, 
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Such is, in brief, a résumé of the more salient points in 
the elaborate and minute in details specifications of the 
shape and size of the principal sacrificial altars and of the 
geometrical knowledge presupposed in their construction, 
as we find them in the extant Sulba. What should be 
particularly emphasized now is the fact that those speci- 
fications.are not due to the authors of the Sulba them- 
selves. They do not even pretend to make any such 
claim. Onthe other hand, they have often and then 
expressly admitted to have taken them from earlier works. 
We, in fact, find that numerous passages of Baudhdyana 
and Apastamba Sulba dealing with the spatial magnitudes 
of sacrificial altars as well as with the methods of their 
construction, end with the remark iti vijfiayate [or ''it is 
known,'' ‘‘it is recognised or prescribed (by authorities)’’],1 
Sometimes iti abhyupadiganti (‘‘ thus they teach '')? or iti 
uktam (‘‘it has been said ''),? is used in the same sense. It 
has been rightly pointed out before by Garbe * that all 
those passages of Apastamba sre literal quotations from 
the Taittiriya Brahmaya or from the Br&hmana-like por- 
tions of the Taittiriya Samhita or Aranyaka. That is 
exactly true also of the similar passages of Baudhüyans.? 
This writer is occasionally more explicit about his sources. 
In connexion with certain difference of opinions amongst 
the altar-builders about the proper size and shape of a 


1 BSl, i, 65, 71, 76, etc. ; ApSl, iv. 1, 8,6; v. 1, 8, 10, etc. 

2 BSI, i. 85. i 

3 ApS, ix. 9. 

4 Vide the Preface (p. xviii) to his edition of the Srauta Sūtra of 
Apastamhe, Vol. ITI, Calcutta, 1029. Garbe has pointed ont in a moat 
scholarly manner the relations of this work with others such ag 
Samlutad, Brahmana and Srauta-sutra. 

5 Compare forinstance fhe passages with such remarks in BSr, xxiv. 2 
with TS, i, 9. 2. 3;-BSr, xxiv. 20—73,i. 7.8.1; BSr, xxvi. 21e TS, 
vii, 4, 9, 8, PafiBr, xxii, 19 8; ete. 
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particular altar,! Baudhayana is found appealing to the 
authorities of the Brahmana, by name, for thse purpose of 
arriving at a satisfactory settlement. ‘‘ This is not right,’’ 
observes he, ‘‘ as it will bring this opinion in contradiction 
with the ancient precepts. Regarding this point the 
Bréhmana of some is as follows..., of others is...And the 
following is our Bráhmana..." ? By “our Brahmana”’ is 
meant the Taittiriya Samhita, where indeed the quoted 
passage occurs.” Ona different occasion, in connexion 
with certain method of constructing a particular altar, 
Baudhayana remarks: ‘‘ There is also a Brühmana on this 
point.’ Here again the reference is to the Taittiriya 
Samhitü.5 There are also other mentions of Brahmana 
in general by Baudhayana.® He has once quoted the 
Maitrüyamiya Brühmana by name.’ Kiatyayana is found 
to have appealed similarly to the authority of the ''Sruti," 
on two occasions. Apastamba has sometimes observed 
that certain constructions are not sanctioned by tho 
Sruti.” Thereby he clearly implies that other matters 
about the spatial magnitudes of the: sacrificial altars and 
the methods of constructing them, that have been record- 
ed by him, are in full accordance with the teachings of 
the Sruti.bué are not his devices. This he has admitted 


1 The controversy is as regards the construction of the feleon-sLape] 
altarot areas 1} io 64 square purusas with or without wings aud tail 
This will be dealt with more fullv later on. Compare ApS/, vhi 8-E 

2 BSI, ii. 15-9. EE 

3 TS, v. 2. 5. 1. 

$ BSI, ii. 85. 

8 TS, v, 6. 6. 3. 

6 BSI, iii. 6. Here, the reference is to TS, v. 8, 7. 5 and v. 5. 8. 2, 
Compare niso BSI, ni. 1 with TS, v. 4. 11. 1, 

7 BSI, ii. 10. 

8 KSI, v. 7; vi. 4. 

? ApSl, vip. b. C. 


~ 
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also otherwise, as has been just pointed out. It will be 
further shown ‘presently that we can, indeed, trace 
most of the matters contained in the Sulba to the earlier 
Bráhmana and Samhita. 

Tas reference to the sacrificial altars’ and their con- 
struction is found as early as the Rg-veda Samhita’ (before 
3000 B.C.).! There is mention in that werk of the “three 
places ” of the Agni,* which doubtless imply the Gaürha- ` 
petya,? Ahavaniya and Daksindgni. Though we do not 
find there any specific mention about the relative sizes and 
shapes of these altars we have nothing to doubt that they 
were, in any way, different from what we meet with in 
posterior Brahmana.* .Hence ib seems that the problem 
of the squaring of the circle and the theorem of the square . 
of the hypctenuse (at least in its simplest form) are as old: 
in India as the time of the Rg-veda. They might be older — 
still. For it has been shown by Oldenberg that those 
three fires are earlier than the Eg-veda.? 

In the fg-veda, it should be made clear, there is no 
particular rule for the construction of the altars. We can- 
not indeed reasonably expect to find such a rule there, 


Pd 


1 There are innumernble references in the Ag-veda to the sacrifice-altars 
and their constructions. Fer the mention of the vedi, see for instance 
RV, i. 164. 35; i. 170. 4 ; v. 81. 12 ; vii. 85: 7, eto. ; and for its consiruc- 
tion compare the passages : “‘O Lovely (Agni)! They construct the vedi 
for id and offer oblations there ? (RV, viii. 19. 18) ; “ sented out the 

i" (RV, x. 61. 2). etc. 

"5 "ag y we gren fene fit," AY, v. 11.2. ^. 

3 The mention of the Gàrhapctya Fire by name sori, for instance, 
in RY. i. 16.19; vi. 15, 19 and x, 85. 27. 

4 The first express description of the Garhapatya 18 a circle of onc 
square Dyume (= purugc) and of the Ahavaniva™ being e square of the: 
dame size appears 1n the Satapatha Brühmasa (vii. 1. 1. 87; vii. 2. 9, 2 ft, 
Of. &BE, Vol. XL, ih, p. 301, fn. 2). In the Tastiiriga Sathhitd (7.2. 5.1). ; 
the hovaniye is stuied to be of one (square) parusa. 

5 Oldenberg, Religion des Veds, p. 348, n. 2; SBE. Vol. XXX,r 
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when we remomber the nature of that work. We learn 
from it, however, that there were then learned experts 
to do that work. This is very important inasmuch as it 
implies the existence of the science or the art of the altar- 
construction. An expert in that science is called Aonicit 
(or ‘‘the constructor of the Agni or Fire-Altar’’). . This 
term appears in the Ta:ttiriya Samhita, Matlriyaniya Banı- 
hità, Satapatha Brdhmana and other early works In these 
works we also find rules for his conduct. ! 

We next turn to the Yajur-veda which is very rightly 
described as the encyclopsdia proper of the Vedic sacrifices. 
There we find a very elaborate, and in detail tedious, rite 
of the Agni-cayana (or ''the construction of the Fire- 
altar '') and iis highly speculative philosophy.? The same 
mystic import is found, it is noteworthy, in the Samhita 
of the different schools of this Veda such as the Taittiriya, 
Maitidyaniya, Nathaka, Kapisthala und Vajasuncya. This 
shows that the Agni-cayana and its philosophy had taken 
definite shapes in an earlier period. Eggoling ? has, indeed, 


1 According to the Teattirtya Semlitd, an Agnicit should live upon 
what are obtained freely fiom Nature, such aa fruits, etc., but not by 
sowing (v. 2. 5. 5-6). He is particularly forbidden to eat the flesh of 
birds. '' The fire 13 & bird ; if the piler of the fire were to eut of a bird, 
he would be eating the fire, he would go to ruin " (TS, v, 7.6.1). The 
dame prohibition is found ulgo in the Afaitrayuniya Samhita (iii, 4. 8) and 
Sctapatha Brühmene, In the latier work we find also a contrary 
opinion. *‘ Here, now, they say, ‘He who has built an altar must not eut 
of any bird, for he who builds a fire-altar becomes of a bird's form; he 
would be apt to incur sickness: the Agnicit (H.reforo must not eat of 
any bird.’ Nevertheless, one whos nowa this may safely eat thereof; for 
he who builds an ultar becomes of Agni's form, and, indeed, all food here 
belongs to Agni. whosoever knows this will know that all food belongs 
to him." (SBr, x.1. 4.18. Compare also TS, v, 6.8, 3 1.; 7. 6, 2 f.; 
ApSr, xvii. 24. 

2 Compare The Vede oj the Blach Yajus School traualated into Eng- 

sh by A. B. Keith, Cambridge, Mass, 1014, Introduction, p. exxv if. 

* SBE, Vol. XLIII, Introduction, pp- xiv ff. 
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traced the origin of the philosophy to the  Jig-veda. 
In the PDrühmana. the science of the construction of the 
Fire-altar is found in an enormously developed form. Thus 
five sections (kandikü vi-x) out of a total of fourteen, 
or rather more than one-third of the whole of the 
Satapatha Brahmana is devoted to the treatment of this 
science. We cannot definitely ascertain how much of this 
development is due to the Bréhmana and how much of it 
is still older. For, according to the introductory chapters 
of the Hiranyakeéi and Apastamba Srauta-siitra, it is 
one of the primary functions of the  Prühmana to 
describe, amongst other things, the Marma-vidhi (or 
'" Rules for the performance of the sacrificial rites '") 
and the Pura.Lalpa (or ‘‘the performance of the 
sacrifices in former times ’”’). So that the Bralmana 
simply keeps up a record of the ancicnt traditions. 
Indecd in those works, all rites are traced tothe gods 
as their originators or even to the Suprome Creator 
of the universe. Still the general truth is that every 
science has its growth and development and tho 
science of the altar-construetiou cannot Le an exception 
to it. So it will be quite natural to believe—and we have 
corroborative evidence of it—that the science truly 
attuined a new stage in the time of the Bidhmana (c. 
2000 B.C.). The cexisteneo of different masters of this 
science with independent views is found even as early as 
the time of the Tuittiriya Samhità (c. 8000 B.C.).! 
More conclusive evidence of it is furnished by the Srauta- 
sālrus which are a sort of compendiums of earlier theo- 
ries. [n the Sutapatha Brakmuna, there aro clear 
attempts to refute some of the earlier theories--of~the 
science of the altar-construction (vide infra uei ; SZ 

o, SN 

1 Teferences to the earlier authorities are fast forzinstanes, in E 

TS, v. 2. 8. 1-9; 9. 9. 1; 5. 2,1 f; ete. A 
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One thing should be made here perfectly clear: the 
treaiment i in the earlier literatures, the Samhitd as well 
pa the Bréhmana, of the measurement of the various 
Vedi and Agni, appertains chiefly to the ritualistic 
aspects of the problems. Reference to the seculsr or 
geomstrical and other truly scientific aspects are only 
incidental for them and hence are found on rare occasions. 
Fuller details of the geometry of the measurements of the 
altars are particularly described in the Sulba parts of the 
Srauta-sutra. But traces of that, it will be shown con- 
clusively iù the course-of this work, are clearly noticeable 
also m the Brühmana. And if will not be improper, I 
think, to presume that the geometrical oraethoda for the 
‘solution of the problems of the measurements of the altars 
wére known in stil earlier periods. For the rituals of 
measurements will be altogether baseless unless accom- 
panied by a knowledge of the underlying geometry. 

" In the Taittiriya Samhita, we.find .the following 
scanty reference to the scientific operations for the con- 
struction of the Daréapaurnamasili-vedi : 

'" He performs the second drawing of $$ boundary 
himself. The earth is of the size of the altar; verily 
having excluded his enemy from so much of it, he per- 
‘forms the second drawing of a boundary himself. Cruelly 
he acts in making an altar. "3 

But such mesgre descriptions of course do not help 
us in any way to conjecture the geometrical devices 
adopted for the construction. it 

`- We shall now "proceed to show, as briefly as possible, 
that some of the specifications about the shape and size 
of the various Vedi and. Agni and sbout their relative 
positions, which we find in the Sulba can be clearly traced 

m " 
-1 "TS$,ii 6. 4. 2.3 (Keith's translation). Compare T'Br,' iii, 2. 9. 10; 
BSr, xxiv. 24, * 
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to earlier Sarshita snd- Brühmana. This will doubtless 
corroborate the traditional origin of the science of Hindu 
Geometry in a very remote age to potrie We have 
already shown tha ancient origin of the three fundamen- 
ta] altars, the Gdrhupalys, dharaniya and Duaksindgni. 
Their relstive positiona are described in the Satapatha 
Brahmano* and Srauta-sitra * to be identical. Accord- 
ing to all the Samliita 3 and Brihmana, * as in the Sulba, 
the Gürhapaiya citi must be constructed with the same 
number of bricks, namely 21, arranged in an identical 
manner. Jt is further stated in the Vaittiriya Samhita : 


** He who construcis (the Gdrhapatya citi) for the first 
time should construct in five layers... He ~whko esn- 
structs for g third time should construct in one layer...." 

The spatial magnitudes of the Suumisi-vedi (or ‘the 
alter of the Soma-sacritice.''), also. oalled the Mahd-vedi 
(“the Great Altar") which has been already described to 
be of the form of an isosceles trapazium whose face 
is 24 prakramas (or padas) long, base is 80 and altitude 86 
pralia:nas,: are given inthe  Samhita,9 -end Satapatha 
Bráhmara.! But the earliest description of a method of 
its measurement, or a method for the construction of an 
isosceles trapezium having given face, base and altitude ig 
found in the latter work. It eays: . 

‘* Lous vhat (toe largest post:ou the east side) one pro- 
ceudg three vikraraae to the east and thoro fixos u pole; this 


1 §Br, i. 7. 3. 23-5. MEL. 
3 Cf. Bér; Bsl, i. 64-60: dpSr, .7. 4, § ; Apsi, iv. 1-4; Sr, 
iv. 8. 39 - KSL, i. 26,3 8. 
3 Cf. T3, v. 9.3. 495; MS, iii. 9, 8; KES, xx. 1; KapS, xxxii. 9. 
4 gr, vii, 1. 1. 18, 33-4. l 
5 TS, v. 9. 8. Of. l = 
8 TS, vi..2. 4 5; MS, iii. 8. 4; Kev, xxv 8; Kapf, exkeiit, 8. 
? BBr, ui. 5, 1. lff;x 9.5.4, - Compare also Ur, c". 29; ; Apsr, xi. 
4. 11-6; KSr, viii. 8, 612; Masr, ii. 2. 1-19. 
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is the middle-hind pole (antuhpadtah), From the middle- 
hind pole, he goes 15 prakramas towards the south and 
fixes & pole there; this is the south-west corner (of the 
Mahd-vedi). From the middle-hind pole, he proceeds 
15 prakramas towards the north and fixes a pole there; 
it is the north-west corner. rom the middle-hind pole 
he goes 86 prakramas towards the east and fixes 
a pole; thisis the middle-front pole. From the middle 
front pole, he strides 12 prakramas towards the south 
and fixes a pol»; this is the south-east corner. From 
the middle-front pole, he goes 12 prakramas towards 
the north and fixes a pole there; this is the north-east 
corner. Such is the measurement of the (Muhd-)vedi.’’ ! 


Here or anywhere else in this Brühmana, we are not 
taught how to draw the east-west line and how to draw a 
line at right angles to it (1.e., the north-south line) vnrough 
a given poiut on it. That there were some methods for 
those constructions is beyond question. We have only 
to conjecture what were these methods. Now almost 
identical descriptions about the measurement of the 
Muhd-redi reappear in the Sraute-s%tra of Boudhayana? 
and Apastamba.* It has been further taught by the 
former writer that nll the measuroments are to be 
made by means of a cord on the principle of a rational 
rectangle (vide infra). The Suatapatha Bréhmana is 
known to have measured the ved! with a cord.* Had 
it also recourse to the same method? At any rate, it is 
not improbable. For, we have clear <Tidence to prove 


1 SBr, in. 6. 1. 1-6. 

2 BSr, vi. 32. In this work the middle-hind pole 1s called the éa/a- 
mukhiya-sanku and the middle-front pole the y¥ptoaftiya-sanku. 

3 ApSr, xi. 4, 12-3. Compare alo Kr, viii. 8, 6-12, and the 
method of KéSr quoted in Yüjfiukade vu's commentory on the 11th Sütra. 
Ap $ Cf SBr, x. 2. 8. 8 if. 
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that the theorem of the squaré of the diagonal, or the 
` so-called Pythagorean Theorem was known then and used 
to be employed in that as well as in other connexiona.! 

The construction of a square having a given aide is 
described thus (omitting the descriptions of the ceremonies 
and speculative explanations): 

‘‘ He then takes up the wooden pin (famya) and 
wooden sword (sphya). Then from the pole which lies 
in.the north-east (corner of the Mahé-vedi) strides three 
prakramas backwards and then marks out the pit (cátvála). 
That is the measure of that pit; it has no other measure, 
Wherever he himself thinks it (proper) in his mind, in 
front of the utkara (‘the heap of rubbish’), there he marks 
out the pit. He (draws first) the (western) extremity of 
the altar. He lays out the wooden pin northwards and 
marks out (a line)...Then on the front: he lays down the 
wooden pin northwards and marks out (a line)...Then 
on the southern extremity of the altar: he lays down the 
wooden pin eastwards and marks out (a line)...Then on 
the north: he lays down the wooden pin eastwards and 
marks out (a line)....’’ ? 

This is, in fact, the square pit, with the earth from 
which the Uttara-vedi is constructed. Hence both have 
the same cubical content. This measurement of 
the pit reappears in the Sulba. It is, perhaps, 
particularly noteworthy, that in the above we find an 
instance of the use, in former times, of & ruler (in the 
body of the straight wooden pin, called the $amya) to 
draw a straight line from a given point in a specified 
direction. It is not said how those directions, or rather 
the cardinal directions passing through a point were used 


i Pide infra, 
* SBr, iii, 5, 1. 28-80. Compare also TS, vi. 2, T. 1-2. 
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to be determined. Was a pair of compasses also in use 
then ? 

Though lavish description of the rites and ceremonies 
in connexion with the construction of the various other 
altars, such as the Daréapaurnamdsa-vedi, Uttara-vedt, 
Agvamedha-vedi, Agnidhriya, Hotriya, Marjaliya, Sadas, 
Uparavas, ote., are commonly found in the Taittiriya and 
other Samhitü, any clear mention of their spatial 
magnitudes are very rare therein. In that respect, we 
obtain much better information from the Brahmana. 

It has been stated before that the standard form of an 
options! Fire-altar is that of a certain bird. This bird is 
called Syena (‘‘faloon’’) in the Taittiriya Samhita} 
and Suparna Garutman (‘‘ well-winged eagle ") in the 
Vajasaneya Samhita * and Satapatha Brahmana ? which 
is sometimes abridged into Suparna in the latter.+ 
The first name is found more commonly in other Samhita 
and Srauta-sitra whereas the other names are rarely met 
with elsewhere.” <A clear reference to this form is found 
in the Rgveda where Agni is frequently called a bird.? 
The vpatial magnitudes of the falcon-shaped Fire-altar 
have been defined in almost all the earlier works from the 
Taittiriya Sarnhita onwards, and they are exactly the same 
as those that ere found in the Sulba. Though it is stated 
by the authorities that it should be measured preferably 
with a bamboo-rod the details of the method of 


Y T$, v, 4. 11. 1. 

3 VS, xil, 4. 

3 SBr, x. 2. 2. 4. 

4 Br, vi. 7. 9, & 8, 

č The name Suparga-citi of the Satapatha Bráhmama (vi. 7. 2. 8) 
reappears in the Maxava Sulba (vn), but its form differs from the 
ancient one by the addition of a head. 

6 RV,i.1^1. 62; 1,14. 5; compare also. 68.6: 141. 7; 11. 9.4 ; vi. 
3,7;4.7, x. 9. 8. 
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measurement are scanty in earlier ones. The Taittiriya 
Samhitd says: 

'* With man’s measure he metes out; man is commen- 
surate with the sacrifice; verily he metes him with a 
member of the sacrifice; so great is he asa man with 
arms extended; so much strength is there in man; verily ` 
with strength he metes him. Winged is he, for wingless 
he could not fly; these wings are longer by an ell (aratni); 
therefore birds have strength by their wmgs. The wings 
. and the tail are a fathom (vyáma) in breadth; so much is 
the strength in man, he is commensurate in strength. 
He metes with & bamboo;...’” 1 

The Maitr&éyaniya Samhita says: 

.  " "As muchas a man with arms extended, with so 

much a bamboo-rod, (the Fire-altar) is metéd out; so much 
strength is therein the man; verily with strength it is 
meted out ;...He metes out the Fire-altar; seven (square) 
purusas he metes out; for by seven purusas he knows the 
universe and by seven purusas of the self he eats food. 
- A measure of aratni is added to the two wings; the birds 
have strength by their wings.” ~ 

More particulars are supplied by the Satepatha 
Brüàhmana : 

t Verily He comprises seven purusas. Seven purusas 
certainly are in this Person (Agni); since four (purusas) 
(as) the body and three the wings and tail; for the body, 
of that Person is certainly (composed of) four (purugas) 
and the wings and tail of three. He metes it out 
with (the measure of) & man (purusu) with s ms gx- 
tended. Verily the sacrifice is a purusa and hence 
by it, all these are measured ; and that is its best 


1 79, v.2. 5, Mf, (translation hy Keith), 
2 MaiS, iii. 2. 4, 
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measure inasmuch as with arms extended he (man) 
has his maximum measure: he thcn secures for him 
that and by thai he measures it... Then he adds 
two aratnis to the two wings; by that he gives strength 
to the wings. Verily, the two wings are two arms (of 
‘the bird) and by arms food i$ eaten: simply for tho sake 
of food he makes that space; inasmuch as the food is 
taken from the distance of an aratni the two aratnis he 
adds to the two wings. Then to the tail he adds a 
vitasti, He thus gives strength tc the support; verily, 
the tail is the support. The hand (consists of) vitastis, 
and by means of the hand the food is esten; simply for 
the sake of food he makes that space. Inasmuch as he 
adds one vitaati to tho tail, he scttle, for it the food; 
because he adder lesa here (in the tail), he thereby secures 
it in the fond. Thus. this mtch is it (the body) measured, 
and this much is il (wings and tail); certainly it (the 
bird or altar) is measured this much in order to secure 
for it that (its natural measure).’’! 


Full details of the methods of measurement of the 
falcon-ahaped Fire-alter are not found until the Sreuta- 
sūtra. The method of the measurement by menns of a 
bamboo-rod has been described in the .Ipastamba Sulba,? 
and that by means of a cord is hinted in the Buudhiyana 
Brauta? described in full in the Kütyáyana Srauta. The 
latter says: 


" Measure a cord two purusas long. Make fies at its 
both ends. Make marks at the middle; on either sides 
of it, ab the halves of the purusas; at distance of the 
one-fifth of a purusa from the middie (mark); and also 


1 §Br, x, 9.2.86. Cf. vi. 1. 1.6. ; x. 9, 9. 4. 
À ApS}, vui. Tx. 3. Compare also Ap$r, xvi. 17.8. 
3 BSi,x.19; xix. 1. 
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ab their halves (that is, at one-tenth puruga from the 
middle mark). Stretch the cord along the prethyd (the 
east-west line} and fix poles ai the two ties, the middle - 
mark and the marks at semi-purusas. Unfasten the two 
ties, fasten them to the semi-purusa-poles and then 
stretch the cord towards the south by holding it by the 
middle mark. Make a point at the place rouched by 
that. Unfasten the two ties; fasten one at the middle 
pole, then stretch the cord towards the south over the 
point and fix a pole at the place reached by tha middle 
mark. Then fasten one tie at this pole and another al 
the eastern pole; stretch the cord towards the south and 
fix a pole at the place of tue middle mori; then another 
also of the somi-purazsu-mark. Unfasten the tie from 
the eastern pole and then fasten it to the western pole; 
stretch the cord southwards and fix a pole at the plare 
reached by the middie wark and also two about it at the 
sami-purusa ma.ks. Proceed in the same way on the 
northern side. Again on ihe southern side, stretching the 
cord in the way indicated before, fix a pole at the distance 
of the fifth-purugs-mark. Having fastened a tie ut that, 
, and also at the eastern semi-puruso pole, stictch the cord 
properly, and fix a pole at a distances of the semi-purusa- 
mark (from the one) and the fifth-purusu-mark (from the 
other). Similarly on the west. Similarly (construct) 
the northern wing. Thus also the tail with its vitasti. 
If desired, the two sides of each wing and of the 
tail may be contracted by four angulis each on one 
extremity and extended by the same umounp- on the 
other.''! 

The Satapatha Brühmana, however, teaches us how to 
bend the wings of the falecn in order to construct that 


i KSr, xxi, B. 1-20, 
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variety of the Fire-altar, known as, the Vakrapaksa 
Sysna-cili. 

'"" He contracts the inaner extremity (of the southern 
wing) inside on both sides only by four angulis; by four 
angulis outwards on' both sides he expands the outer 
extremity, Thus by as much he contracts, by so much 
he expands; certainly, for that, he neither exceeds (the 
proper size of the wing), nor makes it too small. Simi- 
larly, he does for the tail; and in the same way, for the 
northern wing. Then he makes the bent of the two 
wings. For bents there are À the wings of a bird; 
the bents of the wings of s bird are by its one-third each; 
by one-third of the wings inwards each the bents of the 
wings of the bird are. He expands (each of the wings) 
on the front just by four angulis; he contracts at the 
back by four atgulis. Thus by as much he expands by 
so much he contracts; and so he neither exceeds, nor 
makes it too small.” 1 

A complete list of the various Kimya Agni together 
with a statement of the objects for the attainment of 
which, each of them is to be constructed and sacrifices 
made therein, is found in the Tatttriya Samnhitd.? That 
has been practically reproduced in the Baudhéyana 
Srauta-süira.? The enumeration of most of them 
appears in the Maitrdyasiya Samhita * and Satapatha 
Brühmana.? It may be noted, though it is immaterial 
for our purpose, that the construction of Fire-altars other 
than the Suparna-citi ('' the eagle-shaped altar °) is for- 
bidden in the latter work. 


1 gBr,x.9.1. 45; compare salso SBr, x. 3. 1. 7 ; BSI, iii. 62ff. 
3 TS,v.4.11. 

B8r, xvii. 28-80. 

MasS, vii, 4.7. Cf. iii, 2. 6. 

6 S$Br, vj. 7. 3. &. dd 


c 


NUMBER OF BRICKS USED 39 


Thus we find that almost all the Vedi and Agni 
which are described in the Sulba can be traced back, 
for the matter of their shapes and sizes, as far as the 
time of the Brahmana (c. 2000 B.O.); and they are 
méntioned even in the Samhita (c. 8000 B.C.). The 
Sulba hes, in fact, expressly admitted in the majority 
of cages, as has been pointed out before, that it has 
taken the spatial magnitudes of the altars from the 
earlier literatures. We can, similarly, trace the earlier 
origin af many other matters traced in the Sulba. As 
regards the height of an Agni and the number of bricks 
to be uaed in its construction, Taittiriye Samhita 
observes : 


'' He should pile (the fire) of a thousand (bricks) when 
firat piling (it); this world is commensurate with a 
thousand; verily, he conquers this world. He should 
pile (it) of two thousand when piling a second time; the 
atmosphere is commensurate with two thousand; verily, 
he conquers the atmosphete. He should pile (it) of 
three thousand when piling for the third time; yonder 
world is commensurate with three thousand; verily, he 
conquers yonder world. Knee-deep should he pile (it), 
when piling for the first time; verily, with the Gayatri 
he mounts this world; navel-deep should he pile (it) 
when piling for the second time; verily with the Trigtubh 
he mounts the atmosphere; neok-deep should he pile (it) 
when piling for the third time; verily, with the Jagati 
he mounts yonder world."'! 

Bach Agni is usually constructed in five layers, 
when constructed for the first time. It should have 
double or treble number of layers when constructed for 
the second or thad time. The Taittiriya Samhità says :— 


1 TS, v. 6. 8-2 f, (Keith's tranalation). 
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‘* The first layer is this (earth), the mortar the plants 
and trees; the second is the atmosphere, the mortar the 
birds; the third is yonder (sky), the mortar the Naksatras; 
the fourth the sacrifice, the mortar the sacrificial fee; 
the fifth the sacrificer, the mortar the offspring; if he were 
to pile it with three layers, he would obstruct the sacri- 
fice, the fee, the self, the offspring; therefore should it be 
piled with five layers; verily, he preserves all. In that 
there are three layers, (it is) since Agni is of threefold; 
in that there are two (more), the saorificer has two feet, 
(it is) for support; there are five layers, man is five-fold; 
verily, he preserves himself. There are five layers, he 
covers (them) with five (sets of) mortar, these make 
Up ten, man has ten elements; he preserves man in his 
full extent.’’} 

But when Nàkasad and Pafícagodü bricks are employ- 
ed, after the fourth layer, there will be a sixth layer as the 
height of these bricks are half the usual height of & brick, 
vis., the one-fifth of a jünu (=32 angulis). This sixth 
layer ig mentioned also in the Taittiriya Samhita? 

The growth and development of (1) the theore:n of 
the square of the diagonal, (2) the quadrature of a circle, 
and (8) the construction of similar figures, has been 
treated elsewhere in their proper places. We have clear 
proofs, it has been shown there, of the use of these in 
tho time 'of the Satapatha Braéhkmana (c. 2000 B.C.). 
The firat two seem to be still older, But we do not find 
an enunciation of the theorem of the square of the 
diagonal and a method for the quadrature of the circle 
before the time of the Srauta-sitre. A mothod for tho 
construction of similar figures is taught n the Sutapatha 
Bréhmena, and it isthe same as we find in later works. 


1 Ibid, v. 6. 10. 2 f. (Keith). Compare BST. ii. 13. 
3 Ibid, v. 0. 10. 8. Compare BSI, ii. 28, 59, 


CHAPTER IV 
POSTULATES 


For the geometrical operations described in the Sulta, 
the authors, we find, havo tacitly assumed the truth of 
certain other results without any attompt to describe 
them beforehand or to indicate how they could be 
effected. These results we have called here postulates of 
the Sulba. They might not be postulates in the Eucli- 
dean sense of the term; but they can certainly be so 
called in accordance with the meaning given by Aristotle, 
namely ‘whatever is assumed, though it isa matter for 
proof, and uscd without being provod.” Most of the 
postulates of the Sulbu nre concerning the division of 
figures, euch as strnight lines, rectangles, circles and 
triangles. A few of them are about other matters of 
- importance. 

(a) A given finite atraight line can be divided into any 
number of equal parts. 

In the geometry of the Sulbu. it is oftentimes required 
to divide a given finite straight line into o ‘specified 
number of equal parts. For example in one instance, the 
diameter of a given circle is divided into 8 equal parts, 
each of these again into 29 parts and so on into 
other number of divisions.! There are indeed numerous 
such instances.7 Now it will be naturally asked 
how it was used to be done. Certainly not nrith. 
metically. At least it is uot always possiblo to 
do so. For we find instances of division of stroight lines 
which cannot be expressed in terms of commensurate 
numbers. In circling a square, such a straight line has 


1 BSI, i. 69. 
2 BSI. i. 60, 68.9, ete. 


49 POSTULATES 


to be divided into three parts! and in another cage into 
twelve parte.? Sometimes the given straight line is such 
that the parts when expressed arithmetically will contain 
big fractions. Thus the side of a square of 96 angulis has 
to be divi led into 7 equal parts.’ 

(b) A circle can be divided into any number of parts 
by drawing diameters, 

In the Sulba, we have several instances of the divi- 
sion of & circle into a specified number of parts, For 
instance, it is said that the Dhisniya may be square or 
circular in shape and one of them, wis., the Agnidhriya, 
has to be divided into nine parts, Now in the case of 
the square shape of the altar, itis easily divided into 9 
smaller squares by drawing cross-lines through the points 
of trisection of the sides. When it is circular, there is 
described a small circle about its centre and the annulus 


Fig 2 | Fig: 3. 


is then divided into 8 equal parts by drawing four 
diameters.* Similarly in an alternative circular shape of 


1 BSI, i. 58. 

3 BSL, iii. 162; compare also ApJ, xix. 7 ım which the diagonal of a 
square of sides ==} of a puruga is divided into seven equal parte. 

5 BSI, ii, 04. 

4 BSI, ij. 13-4 ; ApSl, vin. 13-14. 
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the Marjéliya fire, the circle has tobe divided into 6 equal 
parts.’ A circular annulus has been divided into 82 
equal parts;* another annulus into 64 equal parts and 
then again into two parts each by drawing the mean 
circle. ? 

(c) Hach diagonal of a rectangle bisects it. 

(d) The diagonals of a rectangle biseot one another and 
they divide the rectangle into four parts two and two 
vertically opposite of which are equal in all respects, 

The description of the division of a rectangle or a 
square by diagonals is found in the Sulba primarily in 


Pig 4. Fig 5 


Fig ©. 


1 BSI, ii. 77. Compare ApSl, xvii. 21. 9, 4 for instances of divi- 
sion of a circle into 12, 16 and 24 parts. 

3 BSI, iii. 200. 

3 BSI, iii. 202, 
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connexion with the making of bricks of desirud size and 
shape. Certain intcresting geometrical theorems have been 
assumed there. The brick which resembles in shape the 
portion of a rectanglo or of & square divided by its diagonal 
is termed a'dhyà (or * the half ’’) and that resumbling a 
portion by the two diagonals is called pädyā (or '' the 
quarter "). There are distinguished two kinds of padyá 
of a rectangle, viz., dirghu-padyd (or “© longish or broader 
quarter ’’) and galu-pddyd (or '' tridort quarter ’’),! This 
distinctive. nomenclature implios: (1) the -haives of a 
rectangle or of a square by au diagonal are identical in 
size as wellas in shape, aud (2) so are’ also the quarters 
of a square by its diagonals; and (8) the diagonals of a 
rectangle divide ib into four parts which aro equal in area 
but they are of two kinds as regards their shape. These 
names perhaps further imply an idea of obtuse and ucule 
angles. There are bricks which are halves of the quarter 
bricks by the perpendicular from the vertex on the base. 
No distinction is found to have been mado between the 
half of a dirgha-püdijü ond that of a $ülu-pádyà, whish 
clearly shows that the Su'ba-k‘iras wero awan that those 
halves were identical. Thus 16 appears that the early 
Hindu geometers knew the simple cases of the congru- 
ence theorems. 

Another interosting kind of bricks is formed by the 
combination of & half of a dirgha-pádyà or a éialu-padya 
with another brick. Baudhiyana describes : 

“ The eighth parts of them? should bo so combined as 
therc will be (a brick having) three corners.’’5 


i BSI, ni. 168-0, 178. 

2 The reference is to a square brick, called pativumi, for cuch side ol 
it is equal to the fifth (pañcama) purt of a puruga and toa rectangular 
brick one-fifth of & purusa by one-fifth of a purusa and its half. 

3 BS?, in. 122, 


f 
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A brick of this kind 1s technically called ubhayi! (from 
ubhay, ‘‘both’’) because it is formed by the combination of 


Pig 7 


two bricks of two different kinds. Since there is mentioned 
only one ubhayi though there are distinguished two different 
kinds of quarter bricks of a rectangle (the adhyardha) it 
follows that Baudhiyana was fully aware, what has been 
just mentioned, that all the eighth parts of a rectangle 
are identical. What is much more noteworthy is that in 
the formation of the ubkayi we find the source of the 
discovery of the later Hindu principle of forming & rational 
sculene tringle by the juxtaposition of two rational right- 
angled triangles.” 

(u) The diugonals of a rhombus bisect each other at 


right angles, 


Fiz.8 


l Ibid, in. 129. 
2 Bibhutibhusan Dama, “On Mahávira's Soluton of Ratioual 


46 . POSTULATES 


(f) A triangle can be divided into a number of equal 
and similar parts by dividing the sides inta an equal 
number of parts und then joining the points of division 
two and two. 


Baudhayana on 8 certain occasion says, ‘‘ this (triangle) 
is divided into ten parts.’’? But how to do it he does not 
explain expressly. We, however, learn it from the com- 
mentators that the traditional practice in such a case was 


} 


Fig. 9. 


to divide each side into four equal parts and then to join 
the points of division two and two as indicated in the 
Fig. 9. 


(g) An tsosccles triangle is divided into two equal 
halves ty the line joining the vortex with the middle point 
of the opposito aide.? Baeh of these has again been 
divided int o six parts. ? 


£ 


Triangles and Quudrilaterals,"" Bull. Cal. Math. Soc., Vol. xx, pp 267 
004 ; see particulurly pp. 276-7. 
! BSI, ii. 256. 
‘Ibid, 1i. 258, 
3 Ibid, iite 260. 
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Fig 10 


We shall see later on that figures of more complex 
shapes had to be divided into a specified number of parts, 
namely 200, of given forms. And this led to some in- 
teresting problems of indeterminate character. 

(h) A triangle formed by joining the extremities of any 
side of a square to the middle point of the opposite side is 
equal to half the square. 


Fie 11 


4) A quadrilateml formed by the lines joining the 
middle points of the sides of a square is a square whose 
area is half that of the original one. 
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Fig. 12 


(j) A quadrilateral formed by the lines joining the 
middle points of the sides of a rectangle is a rhombua 
whose area 18 half that of the rectangle. 


Fig. 13. 


(k) A parallelogram and a rectangle which are on the 
same base and within the same parallels are equal to one 
another. 


Fig. 14 
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The assumption of the truth of this theorem forms the 
bagis of the Sulba method of the construction of a 
parallelogram having given sides inclined at a given 
angle, which will be described later on. It was also 
known in the time of the Solapatha Brühmana.! — 

(1) The mazimum square that can be described within 
a circle is the one which has its corners on the circum- 
ference of the circle. 

In the Sulba ib is sometimes necessary to draw 
within & circle ‘‘a square as large as possible (ydvat 
sambhavet); ’’ but it ie not indicated how todo it. From 
the subsequent desoriptions it, however, appears clearly, 
that the corners of that square are assumed to be on the 
periphery of the circle. The commentators explain that 
a side of this square will be equal to 4/2 times the radius 
of tho circle. In fact, two diameters of the circle are 


Fie 15 


drawn at right angles to each other. The figure formed 
by joining the end points of them. is the largest ene 
square within the circle. 


1X 2.1.6. 
2 BSI, i. 70; ApSl, vii, 10; xii, 12. Compare Pangit, O. S., X, p. 166, 
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. It will be noticed that every one of the aboye propo- 
sitions is demonstrable, Branding of them as postulates 
raises the important question of the character of the 
early Hindu geometry as regards the matter of demon- 
stration. Of course the propositions of the Sulba are not 
proved after the manner of Euclid by purely deductive 
ransoning. On the other hand it is not wholly empirical 
without any semblance of demonstration. In fact we find 
a kind of proof in case of the propositions of the subtrac- 
tion of one square from or its addition with another square 
and the mensuration of an isosceles trapezium. After 
the enunciation as & general proposition of the theorem 
of the square of the diagonal, Baudhiyana observes that 
the truth of it will be ‘‘realised’’ in case of certain rational 
rectangles enumerated. This is really an attempt for 
a kind of demonstration. What is much more noteworthy 
in this connexion is the fact that after a description of 
the geometrical construction for & proposition the Sulba- 
karas are often found to have remarked sa semüdhih or 
“ This is the construction.’’! The significance of such an 
observation is obvious. It emphasizes that the construc- 
tion which was required to be made, has been thus 
actually made, and indeed corresponds to the expression 
Quod Brat Fuciendum (or ‘' What it was required to do’’) 
occurring at the end of a proposition of Euclid's Elements. 
Further it discloses a rational end demonstrative attitude 
of the mine cf the early Hindu geometer. With reference 
to a similar remark occurring in the works of thc cele- 
brav. ' Hindu mathematician of ths twelfth century of 
the Christian era, Bhüskara II, Hankel observed: *'' The 
small word ' see ' along with the figure together with the 
mecesssry auxiliary lines supplies the Bruhmanas with the 


1 Áp$l, i, 2; KS), 11, 6 ; iii, 185 etc. 
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‘proof of the Greeks’ concluding with solemn words ‘ what 
was to be proved.’ All that a practised mind could recog- 
nise by means of assiduous consideration of a figure was 
admitted as certain.” 1 ~ 


1H. Hankel, Zur Geschiehte der Mathematik on altertham und 
mittelotter, Leipzig, 1874 pp 206 1. 


CHAPTER V 
CoNSTRUOTIONS 


.. ^ To draw a straight line at right angles to a given 
straight line, 


(a) Suppose that the given straight line runs east- 
to-west. Onit fix two poles at an arbitrary distance 
apart, says Katyayona. Then 


** Increase a cord of length equal to the distance be- 
tween them (poles) by itself and make two ties at the 
ends. Then having fasten rd the two ties at the two 
poles, stretch the cord by its middle point towards the 
south and fix a pole at the place reached by the point. 
Proceed similarly on the north. It (the line joining these 
two poles) is the north-to-south line.''! 
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But the more common and at the same time the 
oldest Hindu method of drawing.s straight line at right 
angles to another is as follows: 


(b) Take two points on the given straight line. Des- 
cribe two circles with their centres at these two points 
and thoir radii equal to the distance between them. The 


FPigi1Z ^ 


line joining the points of intersection of the two circles 
15 perpendicular to the given line. í 


To draw u straight. line al right angles to a given 
slraight line from a given point on it. 


It should be observed that there is no particular rule 
for this consbtruchion in any Sulbu-sulra except perhaps 
the Kalyayana Sulbu Parwista. But it appears from 
the descriptions of other constructions that more than 
one device were used to be udopted for that purpose. 
The earliest of these methods is as follows: 


(a) Take two points (B, C) on the given straight line 
(BC) at equal distance from the given point (A). With 
centre B and radius BC describe a circle. Similarly with 
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D 





Fig. 18 


centre C and radius CB describe another circle. Let D 
and E be the points of intersection of these two circles. 
Jois AD or AE or DE. Then this straight line will be at 
right angles to the given straight line BC at A. 


(b On the given straight line (BG), fix two poles 
(B,C) equully distant from the pole at the given point A. 


I 


B ^ c 


Fiz.19 


Take a cord twice as long as BC. Make a tie at each of 
its ends and a mark at the middle. Fasten the two ties 
at the poles B,C and stretch the cord towards the side 
having taken it by the middle mark. Fix a pole D at the 
point reached by the mark. J oig DA. It isthe required 
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straight line which is at right angles to BC at the given 
point A. 


(c) Fix a pole (B) at a certain distunce from the pole 
at the given point (4) on the given straight line (4B). 


Fig. 20 


Take a cord of suitable length. Make a tie at both ends 
nnd a mark at a proper point in it. Having fastened the 
ties at the poles (A,B), stretch the cord sidewise by the 
mark and fix a pole (C) at the point reached by it. Then 
AC is the required straight line. 


: ! Po construct a square having a given side. 


Methoa 1. 


‘(In 4 bamBoo-rod, make two holes (A,B) as much 
apart as the height of the sacrificer with uplifted 
arms! and a third hole (C) mid-way between them. Place 
the bamboo-rod on the east-to-west line and fix poles in 
the holes (beginning) from the western extremity of the 
sacrificial place. Then freeing the two poles (C,B) on 
the west, describe a circle (by rotating the bamboo) south- 
east? iae by the hole at the (opposite) end. Then unloose- 
ning the eastern hole and fixing the hole in the west (in 


! Tho square to be constructed is to have, in rhe present, case, a, 
side of that length. 


r 


56 SECOND METHOD 


its originul position), describe another circlo south-west 
wise by the hole at the opposite ond. Now releuse the 
bamboo (completely); fix again an extreme hole at the mid- 
dle pole (C) ; place 16 towards the south over the point of 
intersection of the two circles and fix a pole ut the point 
(F) reached by the outermost hole. Then fix at this’ pole 
the middle hole of the bamboo and having laid it along 
the extreme outer edges of the two oircles,! fix two poles 
(E,D) at the two (outermost) holes. It (the figure thus 
described, ABDE) is a square (having a side) of one 
purusa." ? (Fig. 21.) 


^ 





Fig.21 
Method Il: 

‘Tf you wish to construct a square, take a cord ns 
long as its side is desired to be ; make n tie at both ends 
and n mark at the middle. Then having drawn a 
line’ (east-to-west) of the desired length, fix a pole at its 
middle. Fasten the two ties at this pole and describe a 
circle with the mark. Now fix poles at the both ends of 
the diameter (running east-to-west). Having fastened one 
tie at the eustern pole, describe a circle with the other 


1 That is, the bamboo should be leid tangentially to both the 
circles and the poles are to mark the points of contact. 
2 ApS), viii (8-10)-xi (1). 
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He. Describe a' simular circle: about the western pole. 
On joininp the points of intersection of the circles, the 
second (7.r.. north-to-south) diameter will be found. Fix 
two poles at the extremeties of bhia diameter. Now, 
having fastened both ties at the eastern pole, describe a 
circle with the mark. Similarly describe circles about 
the southern, western and northern poles. The exterior 
paints of intersection of these circles will determine the 
square.’’? (Fig. 22.) 


XE 


— 







A 


Fig 22 ` 


Method HI.: 


" Take a cord as loug as the measure (to be given to 
the side of the square) ; make n tie at both ends and a 
mark at the middle of itmelt and ot its two halves. Bueten 
out this cord alwag the east-west line and fix poles at the 
“Sm uo marks. Then heving fastened-the ties at the twa 
poles of outer inarks, stretch the cord towards the south 
having taken it by the middle mark and make a point 
there. Now fasten both the ties at the middle pole and 
stretch the cord towards the south by the middle mark 
over this point and fix a pole at the place reached. 
Fasten one tie at this pole, another tie at the easternmost 


+ 


1 AST, 1, 22-28, 


t 
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pole, ana stretch out the cord having taken it by the 
middle mark ; thus wil be obtained the south-eastern 
corner of the square (required). Then freeing the tie 
from the easternmost pole, fasten it to the westernmost 
pole and again stretch the cord by the middle mark ; thus 
the south-western corner will be determined. Similarly 
ean be determind the north-eastern and north-western 
corners of the square.” > (Fig. 23.) 


A 





Fig. 23- 


Method IV: 


“ Teake a cord two times the measure of the given 
side of the square; make a tie at both ends and a mark 
at the middle. With one half of this cord measure the 
o Agt-to-wer’ th) of the square. In the other half, 
make à mark at a distance (from the western end) less 
by its one-fourth. Let this mark be called nyafichuna. 
Make another mark at the middle of that half for the 
purpose of (determining) the eastern córners. Having 
fastened the two ties at the two extremities of the east- 
to-west breadth, Stretch the cord towards the south by 
the nyafichana mark. Thus the two eastern and two 


1 ApS, i. 7. 
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weslern corners of the square should be constructed by - 
the middle mark of the other half of the cord.''! (Fig. 247) 





EW=a, the given side; AB=HB=DW=WC=a/2; 
AB=EBi=D'\W=WO'=8a/4; ED'=EC=WA'=WD'= 
5aj4 


Method V: 


“Add to a cord as long as the given side its half 
and make a mark at a distance (from the other end 
of the added portion) less by its sixth part. Fasten 
the ends of the (increased) cord at the extremities of 
the east-west line and stretch it towards the south having 
taken by the mark and put a sign at the point reached 
by it. Do similarly on the north and again on both sides 
after interchanging the ends of the cord. This is the 
construction.” ? (Fig. 25.) 


1 BSI, i. 29-35. 
*  ApSI, i. 9. 
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A A X 





Pig. 25 ` 


EW =a, the given side; AF=HB=DW=WC=a/2 ; 
A'E—EB!'—D'W = W0 z-5a[12 ; ED'= B0 =WA'= WA = 
184/12, 

The Method I is desoribed in full by Apastambs.? It 
is noted and partly described by Baudhayana.? This 
seems to be the oldest Hindu method for the construction 
of & square on a given siraight line. For, the practice 
of the measurement of the Fire-altar with the bamboo- 
rod is mentioned as early as the Taittinya Samhita (oc. 
3000 B,O.)* and indeed reappears in almost all the early 


1 Loe. cit, 
| ? Bg, Hi. 188. 

3 TS, v.2.6. 1f. 

In the early Satahita and Brahmana 1a found a mythological 
relation between the Agnt and the Venu (‘‘ bamboo-red’’’). Thus 
Patitiriya Satthité observes, ‘He metes with a bamboo; the bamboo 
18 Connected with Agni; (verily ıt serves) to unite him with his 
birth place" (v.2.5.2). The connection hag been narrated in that work 
thus: “Agni went away from the poda ;,he entered the reed ; he resorted 
tothe hole which is formed by the perforation of the reed." This 
mythology resppears in the  M«itragani Samhita (iii. 2.4) and Sata- 
patha Brahmana. The latter describes, “Agni went away from the gods; 
he entered info a reed, whence itis hollow, and whenca inside it is, 
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Samhitas and Brahmanas.! It'is found to have been 
gradually replaced by the measurement with a cerd 
which was introduced about the time of the Satapatka 
Brahmana (c. 2000 B.C.).? 


The Method II occurs only in the Baudhayana Sulba. 
It is clearly based on the previous method and is indeed 
a combination of four operations by ib.’ 





The Method III is taught by Apastamba £ and Manu.” 
The latter emphasizes that if should be exclusively used 
in all cases of the construction of & square on a given 


ag it were, smoke-tinged’’ (v1.8.1.26); again “Agni went away from 
the gods. He entered into a bamboo-stem; whence that is hollow. 
On both sides he made himself those fences, the knots, o as not to 
be found out; and wherever he burnt through, those spots came to 
be" {v1.8.1.81). 

i Mat, ini.9-4; KES, xx.8-4; Kaps, xxxn.6.6 ; SBr. 

1 SBr, x. 2.3.8 ff. 

3 Compare Burk, ZDMG, lv, p. 647. 

4 Loc. e. 
E MaSl, 1. 14-81; vempare also vii. 7 ff. 
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straight line. This method is also applied by Katya- 
yana.? It may be noted that the cord used in the course 
of the construction is called in the Manava Sulba by 
the technical name  paiicüngi (''five-jointed "), because 
it has five (paiica) joints (uhga), vts., to ties and three 
marks. The rope has been sometimes called pàisni 
("that which is laid out’’) because measurements are 
made by laying (puta) it out on the ground. 


The Method IV is given by Baudhàyans,? Apas- 
tamba,* Kutyayana,? Manu® und Maitriyana; and the 
Method V by Apastamba? and Kiütyüyansa.? It is also 
taught by Baudhuysna.? He would, however, restrict 
its application to the construction of a rectangle. 


To construct a reclanyle of yiven sides. 


‘Tf you wish to construct n rectangle, fix on the 
ground two poles as much apart as you wish (the length 
tobe). On either sides (before and behind) of each of 
these poles fix two other poles at equal distances from it. 
Take a cord as much as the breadth (of the rectangle); 
make a tie at both enis and a mark at the middle. Having 
fastened the two tiea s: the two ; oles about tho eastern 
pole, stretch the cord towards the south by the mark and 
put a sign (where the murk touches the ground). Then 
fasten the two ties at the middle pole and again draw the 


Ibid, vii, T. 

KS$r, xvi. 8. 1-28. 

Loc. ctt. | 

ApSl, i. 3. 
KSl. 1. 12-3; compare also KSIP,16 
MaSi, ii. 5 ff. 

Loc. ert, 

KSi, 1. 14-5. 

BSL, 1, 49-4. 
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rd over the sign towards the south by the mark and fix a 
pole at the mark. Thatis the south-east corner (of the 
rectangle). Thereby is explained (how to determine) the 
north-east corner and also the two western corners.” ! 





* 


Pig 27 


This method ıs alike in principle to thet em- 
ployed by Apastamba and Manu for the construction of a 
square on a given straight line (Afcthod III}. Still Baudhi- 
yana would restrict its application to the construction of 
a rectangle having given sides and of an isosceles trapezium 
having given face, base and altitude. 


To construct an isosceles trapezium of a given altitude, 


face, and basc. ^ 
To construct a trapezium whose altitude, faee and base 
are given, Baudháàyana ? follows a method similar to the 
one adopted by him fer the construction of a rectangle of 
given sides. Only cords of given different measures are 
employed for fixing the extremities of the face and base. 


1 BSI, 136-40, 
1 RBSl,id4l. 
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The methods suggested by Apastamba for tho sams 
purpose will be understood from those adopted by him for, 
the construction of the Mahdved:. The shape of the 
Mahdvedi is prescribed by tradition to be an isoscsies 
trapezium whose altitude is 36 pada (or prakranw), face 
24 (units) and base 80 (units). Apastamba gives four 
methods for its construction. All of them are in principle 
the same. TIt is to draw a straight line through both the 
extremities of another straight line equal to the given 
altitude and at right angles to it. Along these straight 
lines and on other sides of the altitude are measured 
lengths equal to half the given lengths of the face and 
the base. And thus the isosceles trapezium is ‘drawn. 
Apastambs distinguishes between his different methods as 
Ekarajjvüviharama (‘The method of construction with 
one cord ") and Dotrajjvdviharana (‘‘ The method of con- 
struction with two cords’’). 


Method I: 1 


'* Add to a cord of 36 (padu or prukrama) 18 and make 
a mark at 12 and a mark at 15 from its western end. 
Having fastened the ends of the cord to (the two poles at) 
the two extremities of the east-west line (of 86 pada) 
stretch it towards the south by taking by the mark at L5, 


4: 
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nnd fix a pole (at the point reached by the mark); (proceed) 
similarly towards the north. These poles are the 
two western corners of the vedi. For (determining) the 
two eastern corners, interchange (the ends of the cord) 
and then stretching it towards the south by the mark at 
15, fix a pole at (the point reached by) the mark at 
12; (proceed) similarly towards the north. These are the 
iwo eastern corners. This is the method of construction 
with one cord.”’! (Fig. 28.) 


Method Il: 


t The diagonal of » rectangle whose sides are 3 and 4 
(pada or prakrama) is 5. With these increased by three 
times themselves (are determined) the two eastern corners 
of the vedi. With them increased by four times them- 
selves (are fixed) the two western corners." ? (Fig. 29.) 


87 --43—52? 


8+3.8=12 12* +162=902 
4+38.4=16 
5-F3.5—20 


3--4.8—15 16% +202 = 252 
4--4.4—90 
Fig 29 5--4.5—28 





Method HI: 
'* The diagonal of a rectangle whose sides are 5 and 12, 
ia 18. With them the enstern corners of the vedi (are 


» ApSi, v.2. 
E ÁpSl Av 3. a 


"e 
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determined): and with them increased by twice themselves 
the western cornors (are fixed)'! (Hig. 80.) 


57412? = 138" 


5--2.5-— 198 
12--2.12—86 
194-2.18-— 39 


157 +367 —30*? 





Fig. 30 


Method IV: 

'* The diagonal of a rectangle whose sides are 8 and 15, 
is 17: with these cords, the two western corncrs of the 
vedi (are measured). The diagonal of u rectangle of sides 
12 and 85 is 87; with these cords, (are measured) the 
eastern corners,"? (Tig, 31.) 


8?.. 152 = 172 


127 4352 =37" 





: ApSi, v.4.. e 
* ASI, v.5- " 


TO CONSTRUCT PARALLELOGRAM 67 


Apastamba observes: '' These are the known methods 
of const-uction of the (Saumiki) vedi." ! 


To construct a parallelogram having given sides at a 


yiven inclination. 


For the proper construction of an altar of proscribed 
size and shape, it was sometimes necessary to make bricks 
of the shape of a parallelogram having given sides at a 
given inclination. For instance, Apastamba says: 

'" Make a class of bricks, one-fifth of a purusa long and 
one-ninth of a purusa broad, (the two sides being) inclined 
(nata) suitably so as to fit (yathd-yaqam).’’? 

The reference in the end of the rule is to the bent of 
the wing of the fsleon-shaped altar where these bricks 
shall have to be used. Thibaut observes: '' By ' nata, 
bent’ the sitrakira means to indicate the sides of the brick 
bo not form rectangles. The shape of the brick is rhom- 
doidical, the angles, which the sides form with each other 
are the same which the wings of the gyrne form with the 
vody.” ? 

Apastamba does not expressly teach us how to cou- 
struct a parallelogram of that shape. But it could be 
inferred from the method laid down for the construction 

of another parallelogram. He says, 

'' (Construct) bricks for the wing with four sides: two 
sides one-fourth purusa each and two sides of one-seventh 
purusa.''* 

By the expréssion pakgestaka (‘‘ brick for the wing ’’) 
is implied that the inclination between the two contiguous 
sides of these bricks must be the same as the bending of 


1 © El&vante jfieyàni vadi-vibaranam bhavanti ' —Apsi, v.6.. 
2 Aps, xvi.92. 

2 Thibaut, Salvasütras, p. 31. 

3 ApSl, xix.b. 
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the wings where they are to be used. Now the bending 
of a wing has been defined thus.! Describe a rectangle 
ABCD of breadth (AD) equal to 1 purusa and length (AB) 





Fig. 32 


2; purusa. Draw MN bisecting DC and at right angles 
to it. Draw DP one puruss long meeting MN at P. Cut 
off PN equal to DP. Draw NA, NB, PD, PC. This will 
give the hending of the wing. 

Apastamba teaches the following method for construc- 
tion of the above palksestaka : 


'"' Construct ‘> rectangle (abed) of length (aD) equal 
to one-fourth of a purusa and breadth (Dc) equal to 
one-seventh of the side (DM) of (half) the wing; by the 
slanting side (DP) the mouth of this rectangle should be 
changed so that the sides (Df and ve) might be bent to the 
one-seventh of the slanting side of the wing (DP).'' ? 

Thus we have the required parallelogram aefD whose 
sides aD, fe are equal to one-fourth of a purusa each and 
sides fD, «c are each equal to one-seventh of a purusa and 
they being inclined as specified. 


L (Cf, ibid, xxii. 6-5, 
7 AnSl, xix.8. 
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It should be purticularly noticed that in the above the 
inclination between the two sides of the parallelogram to 
be constructed or between any two lines in general is not 
stnted in terms of angular units (though the conception of 
such is not wanting in Hindu astronomy) but in terms cf 
the relution between the sides and diagonals of a certain 
rectangle along which the two given lines would lie. 


Apastamba gives also a slightly different. method of 
constructing a parallelogram. He says: E 


'* Draw a rectangle one-fifth of a puruga long from east 
to west, and one-tenth of a purusa broad ; to the south as 
well as to the north of it draw another (rectangle of the 
same size). Draw the diugonals of them passing through 
their south-western corners.''! 


Fig 33 


' From this we can easily guess the method that wus 
generally followed in the Sulba for the construction of 
a parallelogram having given sides at a given inclination. 
Let A, B represent the given sides and the inclination be 
the same as that between the diagonal PR and the side 


1 {bid, xvi.8. 
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AB E D D D 
= Wd y 
P e c D c 

Pig 34 


PQ of the rectangle SEQP. Now draw the rectangle 
EDCP similar to the given rectangle such thut its diagonal 
PD be equal to the given side B. "Then draw the rect- 
angle DE!'P'C so that its side CP’ be equal to the differ- 
ence between A and PC. Now draw the rectangle E'D'C'P' 
equal to the rectangle EDCP. Join D'P'. Then DD'P'P 
is the required parallelogram. The Fig. 84 answers to the 
case when A» PC. In case A «PC, the rectangle DE/P'C 


A Eg D D 
P P c c 
rig 35 


should be drawn so as to overlap the rectaugle EDCP. (Fig. 
35.) 


CHAPTER VI 
COMBINATION OF AREAS 
To draw a square equivalent to n timed a given square. 


The solution of this proposition practical'y depends 
upon the construction of squares aud rectangles having 
given sides. By the so-called Pythagorean Theorem, the 
square described on the diagonal of the given square wi! 
have an area twice as much. To draw a square thrice as 
much as the given square, the rule is: 

‘(Construct a rectaugle whore) breadth wili be the 
measure (of a side of the given square) and length its 
louble-produeer (i.e., diagonal). The diagonal of that 
rectangle is the treble-producer.''! 

By repeating the operation und constructing each time 
a rectangle whose one side will be equal to a side of the 
given square and another side equal to the diagonal of the 
rectangle constructed at the preceding stage, we shall 
finally arrive at one, the square on whose diagonal will be 
equivalent to n times the given square. This method is 
taught by almost all the writers. 

Oftentimes the process can be much shortened by a 
skilful device. For instance, ifn happen to be & square 
number, equal to p?, say, then the desired resulb will be 
obtained by drawing the square on a straight line p times 
a side of the given square. Thus Katyayana observes: 


‘; Twice the measure (of a side of a given square) 
is (its) fourfold-producer ; thrice the measure is the 
ninefold-producer ; four times the measure is the 


1 BS, i. 46; ÁpSi 1.2 ; KSi,u.14. 
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sixteenfold-producer. As many units of a measure as 
are in acord, so many rows (or series) of squares (of that 
measure) there will be in & square on that cord as & side. 
Combine them,’’! 

If n ia not a square number, simplification can be made 
by expressing 16, when possible, as the sum of two square 
numbers, Thus if 

zi n p? --4? 
where p, 9 are rational quantities, then if « denote a side 
of the required square and o aside of the given square, 
we shall have 

z* = (pc)? + (qo)? — (p +q?) =ne”. 
Se that with one construction only, we shall get a square 
n times the given square. Kütyüyana has given some 
instances of this kind. He says: 

‘ (If a rectangle be drawn with) one pada (a unit of 
linear mea-vre) as the breadth and three padas as the 
length, its’ diagonal will be tenfold-producer. (If a rect- 
angle be drawn with) two padas as the breadth and six 
padas as the length, its diagonal will be fortyfold- 
producer. ''? 

The first of these instances occurs also in. the Mdnava 
. Sulba.* Similse instances are also found in other works. 

A simplification is also possible even if n is expressible 
as a multiple of a square number, though not as the sum 
of two square numbers. l 

Kityiyana gives another very clegant and simple 
method of finding a square equal to the sum of a number 
of ot): -z .yuares of the same size. He says: 

‘ ag many squares (of equal size) as you wish to com- 
bine into one, the transverse line will be (equal to) one 


| RSI. fii, 6-9 ; compare also ApS, iij. 6-7. 
3 KSI, ii, 8-9. 
3 Masi, v. 45 
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less than that ; twice a side will be (equal to) one more 
than that ; (thus) form a triangle. Its arrow (i.c. alti- 
tude) will do that.''! 





Pig. 36 


That is, if n be the number of equal squares to be 
combined together into one, form the triangle ABC whose 
base BC is of length (n —1) times a side of a square and 
twice the sides AB and AC of which are severally equal 
to (4-1) times a side of a square. The method of draw- 
ing the triangle, which will be consistent with the geo- 
metrica: methods of the Sulba is this: Draw the line BC 
of length (n —1) times a side of a square. Fix tw poles 
ut Band C. Take a cord of length (n+1) times a side of 
u square. Fasten its two ends at the two poles and 
stretch the cord sidewise having taken it by the middle 
point. Let A be the point reached. Bisect BC at D and 
join 1D. Then the square on -AD will be equivalent to 


* “omy ware wewgpeuurared fratezatnt wf wafa 
fads igara verfi alfadaia, quiqurquittfa i? —KSI, vi. 5. 


Conipare algo the Par:sigta, verses 40-1. 
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the sum of n given squares. For. 


AD?—AC?*—DC*, 


D s) a Co 
2 9 


=na?, 


To draw a square equivalent to the nth part of a 
given square. 


After describing the method of drawing a square 


equivalent to 3 times a given square, Buudhüyana 
observes : 


‘* Thereby 1s explained the generator of the third part 
(trityakarani of the square). It is the ninth part of the 
area.” l 

Similar remarks oecur also in the works of Apastamba 
and Katyayana. The former says, 

‘‘ Thereby is explained the generator of the thirc 
part. Division into nine (parts).”’ ? 
and the latter, 

'' Thereby is explained the generator of the third part. 
Division of the given measure into nine parts.'' ? 

The commentators disagree about the method actually 
implied in the above rules. According to some,* it is 
this: Find a square equivalent to three times the given 
square, Then divide aside of this square into three equal 
parts. A square drawn on any of these parts will be 
equivalent to one-third of the given square. For, on 
drawing parellel lines through the points of division, the 
second square will be divided into nime (square) parts. 
Hence each part (square) is equal to one-ninth of it and so 


1 BSL, i, 47. 

2 ApSl, ii. 8. 

3 KSI, 1. 16-6. 

i For instance, Kapardisvimi, Sundurarija, and Rama. 
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to one-third of the given square. According to others, ! 
the method is this: Divide the given square into nine 
equal squares. Combine three of these squares into one. 
And it will be equivalent to the third part of the given 
area. Some? are of opinion that both the methods are 
“implied by the text. 

Both the interpretations are valid inasmuch as they 
produce the correct result. Thibaut prefers the first 
interpretation as it preserves in a better way the con- 
nexion of the above rule with those just preceding. 
But the Sulbakiiras appear to have implied both the 
methods. Katyiyana’s rules following those noted 
above are: 


' The third part of the side (of the given square) 
produces the ninth part of it. Three of these ninth 
parts (on combination) will give the generator of the 
third part (of the givén squereJ.''? 

< Again this is the method adopted by Baudhayana in 
constructing the Paitrki-vedi which is square in shape 
and is equivalent to one-third the square on a side 
18 padas long.* Further he has expressly adopted both 
the methods in measuring the Sautrámaniki-vedi.* 

Proceeding in the same way we can find in general 
a square equivalent to the nth part of a given square. 
Either: First find a square equivalent to n times the 
given square. The square on the nth part of a side of 
this square will be equivalent to the nth part of the given 
square. Or Divide a side of the given square into n 
equal parts. On drawing parallel lines through the points 
of division, the given square will be divided into n? equal 


1 E.g., Dy&xakü&nátha Yajva. 
2 Karavindasvümi. 

3 KSI, ii. 17.8. 

* Vide infra, p. 98f. 

5 BSr, xix, 1. 
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square parts. The square combining n of these elemen- 
tary squares will be equivalent to the nth part of the 
given square. 

The whole process will, of course, be much simplified 
if n be a square number, equal to p?, say. For in that 
case we shall have simply to divide a side of the given 
square into p equal parts. The square having one of these 
parts as a side will be equal to nth part of the given 
square. Katyiyana furnishes us with some instances of 
this kind. 

" By means of half the measure (of the side of a 
given square) is obtained a square equivalent to the fourth 
part (of the given square); by one-third the measure is 
obtained (a square equivalent to) the ninth part; by 
one-fourth the measure is obtaincd (a square equivalent 
to) the sixteenth part.''! 

Similar instances are also given by Apastamba.? 


To draw a squure equivalent to the sum of two different 
8quares. 


Baudhayansa gives the following method of solution 
of this proposition : 


| A p B 
D E c 
Fg37 


1 KSI, aii, 10-11. 
3 ApS, iu, 10. 
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*' To combine two different squares, eut off from the 
larger a (rectangular) portion with a side of the smaller 
one. The diagonal of this segment will be a side of the 
sum.” t l 

The same method is also taught by Apastamba ? and 
katyüyana.? 

Let ABCD be the larger square and P a side of the 
smaller. Cut off AF and DE making each equal to P, 
and complete the rectangle AF ED. Join AE. Then 

AE*-AD?--DE?-—AD?- pP, 
The p »of of this proposition will be evident from the 
Fig. 38 which, in fact, simply represonts the complete 
constructions taught in the Sulba. : 


^ 
DL" 
Pig 


P di 


=>- ww» o ao mon 
y 


uJ 





D B C 
Fig. 38 
OIBCD4+OCCGHI=AADL +A IEF + AKGH - AEHJ 
-0BIJF, 
= AADA + AAEF+ AHIK + AEN 
+ OBIIF, 
=oABEAR. 
Or AD? +P?2=AL?, since CGzP 


| BSl,i 52. ApS, i. 4. 3 KS, i1. 22, 
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To diaw a square equivalent: to the difference of two 
different squares. E 


For the solution of this proposition, Baudhayana! and 
Apastamba ? give the following rule: 


'* To deduct a square from s square, cut off from the 
larger a (rectangular) segment with a side of the syuare 
which is to be deducted. Then draw a longer side of 
this segment diagonally across to the other longer side ; 
and where it falls (on the other side), cut off that portion. 
By this cut-off portion the deduction is finished.'' 


P A BP B 


K 


D EJ c 
hig 39 


Let ABCD be the larger square and P ao side of the 
smaller square to be deducted from it. Cut off AF and 
DE making each equal to P. Join FE. Draw FE by the 
extremity P so that it falls on AD at G. Join Gl. Then 


GD?=Gh? -~DE%=AD* —P?., 


his method 1s also taught by Katyiyana.? 


| DSi, 1. 51. 
2 ApSi, ii. 5. 
3 KSl 3i. I. 
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DEMONSTRATION 19 


The proof of this proposition will appear on completing 
the constructions indicated in the Sulba. The square 





Fig 40 


GEPQ, which is equal to the square ABCD, is comprised 
of four rightangled triangles each equal to GMQ and of 
the square HKLM. Therefore 


GEPQ=GDEH+DRIN+HKLM, 
—GDRM -DEKN, 
GDRM-—ABCD —DEKN, 
Or GD?—ADB?-—DE.? 


Apastamba has given a demonstration of the above 
rule together with an illustrative example: 


' The side drawn cross becomes the diagonal (of a 
certain rectangle). Let it be the generator of the four- 
fold (of a certain square). It produces (a square equal 
to) both the squares which are produced separately by 
tho cut-off portion (of the cpposite side) and the other 
side (i.e., the shorter sid» of the rectangular segment 
of the larger square or tbe side of the other square). 


SO COMBINATION OF TRIANGLES 


If the other side be one purusa, the remainder will be 
three square purusas ; it has been stated (before). ''! 


For the construction of a Fire-altar of proper size and 
shape, if is also necessary to know how to combine into 
n squnre figures of other kinds; ¢.9.,a square and a 
rectangle, two rectangles.? No specific rules for this 
purpose nre found in the Sulba-sütra. Hence it follows 
that such combinations shall have to be made with the 
help of the methods taught. Thus figures of every other 
kind are first transformed into squares and they are then 
combined into & square by the methods just described. 
This method has indeed been taught by Katyiyana for 
the combination of triangles and pentagons. 


To draw a square equivalent to two given triangles. 


After describing e method for the transformation of 
an isosceles triangle or n rhombus into a square. Katyiyana 
observes: ‘‘ By this is explained the combination of 
triangles." That is, the triangles and rhombuses to be 
combined should first be transformed into squares sever- 
ally and the sum or difference of these squares is then 
found by the methods already explained. The final result 
eun, of course, be put in the shape of a square, rectanglo 
or triangle as required. 


To draw a square equivalent to lwo given pentagons. 


Áütyüyana has also indicated a method for the com- 
binatiom of pentalaterals (pajicalarna) : 


* By this is also explained a method for the combina- 
tion of pentalaterals too. Break up a pentalateral of 


1 Ap$l. ii. 6. 
2 Cf, ApSl, xxi. &. 


COMBINATION OF PENTAGONS al 


equal angles into isosceles triangles; and break up a penta- 
lateral of unequal angles into squares.’’* 





Mig. 42 FIS 43 


The latter part of this rule appears rather to be 
obscure. Howto break up an irregular pentagon into 
squares? Muhidhara has failed to grasp the matter 
accurately and hence made a worse confusion.” I think 


| KSI, iv. 8. 

2 Mahidhara has once explained ekakarna--''one triangle," deikarmo 
=" two triangles," rikarna-''1hree triangles" and pañcaharņna= 
'" five triangles." Later on be says ekakarna means " equal angles "' 
and drikarna ''unequal angles." His former interpretations are 
certainly wrong. If K&ty&yana bad indeed meant '' five triangles "' 
by the term paficakarna, what did he niean by the rule, ‘ Paficakarna- 
nifica praüge spacchidyaikakarninim  dvikarpünam samacaturasre 
apacchidya." [“ Break up patcekarnas of ekukarga (variety) into 
isoaceles triangles and break up paficgkaruas of doikarna jvanety) into 
squuies ?''] 


82 HAMSAMUKHI / 


Katyüysua has in view a pentagon of the shape ABCDE in 
which CP=PD=AM and BC=MP=ED=CP/2 (Fig. 43); 
or in which CP, PD, AM, BC, MP, ED are all equal 
(Fig. 48). We find description of bricks of these shapes 
in the Sulba of Baudhàyana ! and they are ordinarily 
called hamsamukhi (‘‘ of the shape of the mouth of a 
goose '"). Obviously a pentagon of that kind can be 
‘easily transformed into two or three squares of equal size 
So that by combining the transformed squares we can 
find a square equal to the sum or difference of two or 
more pentagons, 


BSI, tii, 68, 288 ; compare also 11i. 291-2. 


‘CHAPTER VII 
TRANSFORMATION OF ARRAS 
Te transform a rectangle into a square. 


For this purpose Baudhayana gives the following rule: 


'* If you wish to transform a rectangle into a square, 
make its breadth as the side of a square ; divide the re- 
mainder into two parts and changing the place (of the 
farther one of them) and inverting, add it on the other 
side of the square. Then adding a (square) portion, fill 
up that (the empty space in the corner) It has been 
taught (before) how to deduct it (the added square from 
the full square thus formed).’’! | 

Let it be required to change the rectangle ABDC into 
8 «quare. 





c D g 
Fig 44 
From the longer side AC cut off a portion CE equal to 
the breadth CD of the rectangle. Complete the square 
CDFE. Divide the remaining part ABFE of the given rect- 
angle into two halves by the line GH. Take the remotor 
-hali AB HG and place it after inversion on the other side 
of the square CDFE in the position DG'H'F. Complete 


1 BSI, 1. 58 
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the square CGPG', by adding the portion HPH'F, 
The given rectangle is easily found to be equal to the 
difference of the two squares GPG'C and HPH'F. This 
difference can be found by the method taught before. That 
is, draw a circle with centre G’ and radius G'/P cutting 
DH at M. Draw MN perpendicular to G'/P. Then 
GIN? = G'M? — M N? =G'P2 — H P? 

so that G/N is the sjde of the square which is equivalent 
to the given rectangle ABDC. 

The same method is taught also by Apastamba! and 


Kütyayana.? The latter is a little moro explicit than the 
other. He says: 


'* If you wish to transform a rectangle into a square, 
cut off (from the rectangle a square por- 
tion) with its shorter side. Divide the other portion 
into two parts. Take the farther portion on the east and 
add it on the south (of the square portion). Complete the 
(square) figure by introducing a (small square) piece. The 
method for its deduction has been taught.” 

Kütyüyana suggests a different procedure for the trans- 
formation of arectangle whose length much exceeds its 
breadth : 


‘ Tf (the rectangle be) very long, cut it again and again 
(into squares) by the breadth ; combine these squares into 
one square ; add to this the remaining portion (of the rec- 
tangle) after transforming it suitably.'' ? 











Pa E ee eh SOA E: 

[0014 

0 E e ^ ue 
Figs 45 


} slpSt, u. T. * ASI, in. 2. Ibid, ur 3. 
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This is cortainly no improvement on the other method. 
It will, in fact, require more operations to complete the 
desired transformation, The first method is very general 
and is equally available for ull cases of transformation of 
a rectangle into & square. 


To transform a square into a rectangle. 


Baudhiyana gives the following rule for transforming 
& square into a rectangle: 


'" If you wish to transform a square into a rectangle, 
divide it by the diagonal. Divide again one part into 
two, and add them suitably so as to fit the two sides (of 
the other hglf).''! i 







X 
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"is. 46 
The same method is also taught by Kütyuyana.? This 
method is much _cireumseribed inasmuch as it transforms 
the given square into a rectangle in which the length is 
double the breadth and is itsclf equal to the diagonal of 
the given square. 


To transform a square tnto a rectangle which shall have 
u given side. 


To transform asquare into a rectangle which shall 
have a given side, Ápasiumba gives the following rule. 


" If you wish to transform a square into a rectangle, 


| BSL, 1. 88. 2 KSI, ih. 4. 
+ 
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(cul off from it a rectangular segment) by makinga side 
as long as you wish (& side ot the transformed rectangle 
to be). What remains in excess, should be added (to the 
former) as suitably as to fit.''! 

A similar rule is given also by Baudhiyana: 


'* Or else if the square is to be transformed into (a 
rectangle) of this (1.e., one specified) side, cut off (from 
the square) a segment by that side. What remains in 
excess should be added along the other side.’’? 

The latter portion of both the rules is obscure inas- 
much as the operations to be employed have not been ex- 
plained fully. They were doubtless handed down by oral 
tradition. 

Thibaut,? followed by Bürk,* thinks the method im- 
plied to be this: Let the side of a given square be 7 
units long. It is to be transformed into arectangle whose 
one side will be, say, 5 units long. Cut off from the 
given square & rectangle of 5 by 7 units. There will then 
remain in excess a rectangle of 7 by 2 units. From this 
cut off a rectangle of 5 by 2 units and add it properly to 
the other portion. Then remains a square of 2by 2 units. 
Change this into a rectangle of 5 by 4/5 units and place it 
by the side of the previous rectangle so as to fit. Thus 
we have finally a rectangle of 5 by 49/5 (=7+2+4/5) 
units, 

This explanation is doubtless wrong. For at the final 
stage it begs the original problem itself. If the Sulba 
writers had really intended asimple arithmetical operation 


1 Ap$l, iii. 1. 

2 BSI, i. 883. Thibant’s reading of the beginning of this sūtra is in- 
correct. It should be Wh dfemqqXd not wie Saka aq’ 
The former reading is given by Osland in his edition of the Baudháyana 


Srauta Sutra and also appears in my copies of the Baudhdyana Sulba, 
3 Sulba Sutra, p. 90. 


4 ZDMG, LVN, p. 834. 
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to be followed at the fina) stage of their method, as is 
supposed by Thibaut and Biirk, they could have, and 
very likely would have, directed to adopt it at the preli- 
minary stage, without taking recourse to any kind of geo- 
metrical operations at all. The method of Apastamba and 
Baudhiyana was of course geometrical, not arithmetical. ! 


According to the commentators Sundararaja and 


Dvürakanütha Yajva, the method implied is similar to 
this: 


‘‘ Produce the northern and southern sides towards the 
east as much as you wish (a side of the transformed rect- 
angle to be. Complete the rectangle and) draw the diagonal 
passing through its north-eastern corner. (Find the point) 
where it cuts the transverse side of the (given) square 
lying inside that rectangle. Leave off the portion of that 
side lying to the north of that point and make its southern 
portion the breadth of a rectangle. That will be the rect- 
angle (required).''? 


1 Tt may be noted that Thibaut has discarded on a different occasion 
cartan arithmetical interpretation of a rule of Baudh&yana by Dvaraka- 
nétha Ya)va with the remark, '' The commentary instead of showing how 
the desired end could be attained by making use of the geometrical con- 
structions taught in the paribbüshà sütras, employs arithmetical calcula- 
tion; but this was of course not tke method of the siltrakfre.'’ (Pandit 
O. 8., X, p. 78.) 

Similarly Birk remarks about certain explanation of the commentator 
Sundararaja: ‘‘ This explanatien of jfeya is incorrect...because the 
Sulbasütra deals with geometrical construction, and not with ' numeri. 
cal calculation.” In commenting ;feya from the standpoint of arithmetic, 
the commentator falls intoa similar error as disclosed by Thibaut in 
another case (JASB, XLIV, 972)." (ZDMG, LVI, p. 829.) 


* raf miat ure afaa sagit urdvweprwe | wr dni 
quaai wewgeufadre put qw fawafa aa uum fear afaa- 
aeai qà eue wafer s 


8&8 GEOMETRICAL PROCESS 


Let ABCD be the given square and M the given length 
which 1s greater than a side of the square. 
M BDH F 
N 
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Produce DA and CB to E and F respectively so that 
DE=CF=M. Join EF and complete the rectangle EFCD. 
Draw the diagonal EC cutting 1B at P. Then PB will be 
the breadth of the transformed rectangle, Through P draw 
the straight line HPG parallel to ED or FC. Then HFCG 
is the rectangle which is equivalent to the square ABCD 
and whose side CF is equal to the given length M. For 


QEFCHAEDC, 
ALEPSALAP, 
OPBCH=APGC. 
parallelogram H#BP=parallelogram APGD. 


Hence perallelogram HFCG=square ABCD. 
Q. E D. 


Burk was led to suspect whether the method explained 
by the commentators was indeed in view of the Sulba- 
karas and to discard it ultimately for the simple reason 
' that this method is so seientifie." Thibaut has not 
directly assigned any reason for his rejection of the inter- 
pretation of the commentators. He seems, however, to 
have been led by an observation of Dvérakanatha Yajva 
anyacca ptakürah (‘‘ Also another method ') which just 
precedes his delivery of the method. But the preliminary 
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remark of Sundsrarüája is ayamatra prakürah ['* This is 
the method (taught) here].'" The rule has beén formula- 
ted by the two commentators in identical words. So 
one has doubtless copied from the other. Difference in the 
preliminary remark may be explained thus: Sundararüja 
explains the method just after the above rule of 
Apastamba which is its proper place. But Dvarakanitha 
Yajvà gives it under the imperfect method of Baudhiyana 
for the transformation of a square into a rectangle 
which precedes his perfect rule stated above. So it was 
very natural for him to remark that it is '' another 
method."' 


Why Dvirakanitha: Yajvà explains the method at a 
place other than what is proper for it seems very probably 
to be this. The process as defined in the rules of Baudhi- 
yana and Apastamba does not begin, as has been already 
pointed out by Bürk, with the construction of a greater 
rectangle (ZFCD in Fig. 47) as required in the above expla- 
nations of the commentators. But it begins very clearly 
to cut off from the given square a smaller rectanglo 
(ABFE in Fig. 48). Or in other words the explanation 
of the commentators has in view the case in which the 
given length is greater than a side of the given square, 
whereas the rule of the Sulbaküras has in view the case 
in which the given length is smaller than a side of the 
given square. Bo Dv&ürakanatha Yajvi was not wrong 
in calling the method described by him to be a different 
one. This ease was treated under the unsatisfactory rule 
of Baudhayana undoubtedly as a sort of modification and 
improvement of it. The case of the Sulbakara has been 
explained by him in its proper place under the succeeding 
rule. 

The geometrical process in the case that was in view 
of the Sulbakaras is this: From the sides 4D and BC of 


a ood 
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the given square ABCD cut off AE and BF respectively,’ 


MA BY 
E : G 
D. c P 
Fig 48 


making each equal to the given length M which is smaller 
than a side of the given square. Joia AF and produce it 
to meet DC produced at P. Complete tbe rectangle 
ADPH, Produce EF to meet HP at G. Then AHGE is 
the rectangle which is equivalent to the square ABCD and 
which has a side AE equal to the given length M. The 
proof is similar to that given before. 

On one occasion Baudhüyana makes a rectangle equi- 
valent to three given squares, one side of the rectangle 
being half of a side of a square.? This case is a very 
simple one indeed, but it shows that he knew other methods 
of transforming a square into a rectangle than that indi- 
cated in his imperfect rule. 


To transform a square ora rectangle into.an isosceles 
trapezium which shall have a given facc. 


Baudhay ana gives the following rule for the transfor- 
mation of a square or a rectangle into nn isosceles 
trapezium, or for what they call ‘‘ shortening of a square 
or a rectangle on one side.” 


! We ont off lengths equal to M from the sides AD and BC of the 
given square but not from the sides AB and CD, because the rule clearly 
directs that the given length M should be made the pürícamóni of the 
rectangle cut off 

3 BSI, iii. 258, 
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'' If you wish to make a square or a rectangle shorter 
on one side, (cut off a rectangular portion) by making the 
shorter length a side. Divide the remainder by the diapo- 
nal and place (the two poftions) en either sides (of the 
portion eub off) after inverting.” ! 





"wu. 49 


Let ABCD be a given square and P a given line which 
is shorter than AB. From AB and DC cut off AE and DF 
respectively making each equal to P. Jom EF and EC. 
Take the triangle CBE and place it after inverting in the 
position ADG. Then AECG is the isosceles trapezium 
which is equal to the given square ABCD and whose face 
1B is equal to the given length P. 


We find u neurl similar rule in the Satapatha Brüh- 
mana.? Let ABCD be a rectangle. Take AE-FB-— 


A E H 2 


F B c G 
Fig. SO 


DH=CG. Then itis suid thatthe trapezium EBFGH is 


1 -BSI, i. 55. 
3 SBr, x. 3.1. Áy 
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exactly equal to the rectangle ABCD. This method 
reappears in the Apastamba Sulba.! 


To transform a square or a rectangle into a triangle. 


'* If you wish to transform a square or a rectangle into 
a triangle, construct & square whose area will be twice as 
much as the area of the figure (to be transformed). Fix 
a pole at the middle of its eastern side. Having fastened 
at it two ties (of two cords), stretch the cords towards 
the two western corners. Cut off the portions lving 
bevond these cords.” ? 


y 


D c 
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Let P be the given rectungulur figure to be transform- 
ed. Draw the square ABCD so that its area will be 
twice that of P. Let M be the middle point of AB. Jom 
MD and MC. Then the triangle MCD is equal to the rect- 
angular figure P. For euch is equal to the half of the 
square ABCD. 


To transform an isosceles triangle into a square. 

'* Tf you wish to transform an isosceles triangle into «u 
square, cut off its northern half by the middle line ; then 
place it on the opposite side after inverting, By the 
method of constructing a square equal to a rectangle, 


1 Aps, xv. 9f. 
? BSI, i. 50. 
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construct the square. This is the method of construc- 
tion.” } 


A & 
C D B 
Fig. $2 


Let ABC be an isosceles triangle. Draw the median 
AD, Take the half ADC and place it after inversion in 
the position BGA. Then the rectangle AGBD is equal tu 
the isosceles triangle ABC. Now transform the rectangle 
AG.BD into a square bv the method given before. 


To transform a square or a rectangle mto a rhombus. 


‘‘ If you wish to transform a square or a rectangle into 
i rhombus, construct a rectangle which shall have an area 
twice as much as the area (of the figure to be transform- 
ed). Fix a pole at the middle of its eastern side. Having 
fustened at it two ties (of two cords), stretch the cords 
towards middle (points) of the northern and southern sides 
(of the rectangle). Cut off the portions lying beyona (these 
cords). Thereby is also explained the construction of the 
other triangle.” ? 


Let P be a rectangular figure. Draw the rectangle 
1BCD so that its area will be double that of P. Let G, 
H, E, F be the middle points of the sides AB, BC, CD, 


| KSI, iv. b. 
2 BS, i. 57. 
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A B 
r H 
D E c 
/ 
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DA respectively. Jon GH, HE, EF, FG. Then the 
rhombus (HEF is equal to the rectangular figure P. 

This method is taught by Baudhüvanu, Apastumba! 
and Katvüvans.? 


~~ 


To transform a 3hombus info a squure. 
Katy ‘ana observes: 


'* Ti it be the case of (transformation into a square of) 
a rhombus, bisect ıt bv its transverse middle line. Then 
construct as before.’’ 

That is, the rhombus 1s first divided into two isosceles 
triangles by drawing a diagonal. The triangles are then 
transformed into squares bx the method given before. 
Finally, the two squares are combined into one squnre. 


|o ApSI, xii. 9. 
2 KSI, iv. 4. 
3 Ibid, iv. 6. 


CHAPTER VIII 


— 


ARBAS AND VOLUMES 
The unit of area is defined by Apastamba thus: 


“ By means of a measure is produced a measure.,’! 
That is, the unit of surface measure or ares is the area 
of a square on a side of unit length. 

In the Sulba we find express rules for the mensura- 
tion of squares ana isosceles trapeziums only. It is cer- 
tain that mensuration of certain other elementary figures, 
such as triangles and rectangles, was also known in that 
time. The area of the circle was only roughly approxi- 
mate. Other kinds of rectilinear figures, narticularly the 
Fire-altars of various shapes enumerated before, were - 
used to be mensurated by breaking them up into elemen- 
tary triangles, squares and rectangles. 

The number of square units in the area of a square is 
obtained by multiplying the number of lincar units in a 
side by itself. 

Apastamba and Kutyayana state : 

“ As many units of a measure as are in a cord, so 


many rows (or series) of squares (of that measure) there 
will be in a square on that cord as a side." 7? 





'« Apot, iii. 4. 2 zSi,ili. 7; KSI, iii. 9. 
7 
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This result was of course generalised, so that the area 
of any square was used to be caleulated by multiplying 
its side by itself. ' 

The number of square units in the area of a rectangle is 
obtdined by multiplying together the numbers of linear 
units in the length and breadth of the rectangle. 





Pie SS 


Let ABCD be a rectangle whose longth AB contains 
p units and whose breadth 1D has q units. On dividing 
AB and AD and drawing parallel lines, it is found that 
the rectangle ABCD is divided into pq unit squares. 
Therefore its area is pg units of area. 

It should be noted that we do not find in the Sulba 
any explicit rule for the mensuration of a rectangle. But 
there is no doubt that it was used to be done in the above 
way. Similarly from the method of constructing the 
ubhayi bricks (Fig. 7) which are of the shape of a seslene 
triangle, and of the parallelograms (Figs. 32-5 ; cf. also 
Fig. 14), it is clear that the following formulae also were 
known : 

Area of a triangle =4 (base) x (altitude), 

Area of a parallelogram = (base) x (altitude). 


The area of a trapezium. 


How to find the area of & trapezium has been demon- 
strated by Àpastamba in the course of determination of the 
ares of the Mahávedi which is of the shape of an *^oscelesg 
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trapeziüm whose altitude, face and base are respectively 
86, 24 and 30 padas (or prakramas). He says: 


'* The Mahüvedi measures (in area) one-thousand less 
twenty-eight (square) padas. Draw a straight line from 
the south-eastern corner (of the vedi) to a point 12 padas 
towards the south-western corner, Place the portion 
thus eut off on the other q.c., northern) side of the vedi 
after inverting it. It (the Mahàvedi) will then become a 
rectangle. Alter that construction the area will be 
apparent." ! 

A E B 
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Let ABCD be the isosceles trapezium. Cut off 
WHg-EB. Join BH. Place the triangle BHO after 
inversion in the position DGA, Then, the rule says, as 
is also obvious, 


The area of the trapezium ABOD 
r = the area of the rectangle GBHD, 

= DH x BH, 

= 4 (AB + D0) x BH, 

= i (face+base) x altitude. 
This result also follows at once from the method indicated 
in the Satapatha Brühmana and by Baudhaáysna for the 
transformation of a square or a rectangle into an isosceles 
trapezium, 


1 ApSl,.x. T. 
3 Vide supra, p. 90d. 
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Figures with a given area. 


For the construction of an altar of proper size and 
shape, as prescribed by the Holy Scriptures, it 18 some- 
times necessary to describe a rectilinenr figure having a 
given area. For instance, itis presoribed that the vedi 
of the Pitryajña must be a square of an area equal to 
one-ninth of that of the Mahavedi.!| Now the area of 
the Mahavedi is given to be 972 square padas. So the 
problem becomes to construct a square having an area of 
108 square padas. Again i6 is said that the Sautrümantki- 
vedi is of the form of an isosceles trapezium having an 
area equal to the third part of the Mahdvedi, that is, to 
324 square padss. According to Apastamba and Kityi- 
yana, this isosceles trapezium must be similar to the 
shape of the Mahdvedt. This ease will be treated separately 
under ‘‘Bimilar figures." But Baudhiyana seams to have 
left the shape of the trapezium-unrestricted. Hence there 
arises the problem: to find an isosceles trapezium having 
an ares of 824 square padas. According to the tradition of 
some schools, it is necessary to construct square-shaped 
altars of area varying from 14 to 64 square purusas.? 

To construct a square having an area of 108 square 
padas. 

Baudhayana gives the following method : 

'' One-third producer (i.c., the side of a square whose 
area is one-third the area) of the square made with the 
third part of the Mahdvedi is that (the side of the Paitrki. 
vedi). Its area is the ninth part of the area (of the Maha. 
vedi). ''? 

108=824/8 = 182/3. So the required square will be 
one-third of a square on a side 18 padas long. The 

f 
1 BSI, i. 81. 


2 BS, ii.14; psl, wi, 3. 
3 BS, i, 82; compare Pandit, X (O. B.). p. 46f 
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method for this latter construction has been taught before. 
Let AB be a straight lime 18 padas long. Divide it into 
three equal parts. Let AC be'dfle such part. Describe 
the square ACDE. Joi AD. Describe a cirele with 





Fig: 57 


centre A and radius AD eutting AB at F. Join EF. 


Then EF i$ & side of the square REIR aa aroa of 108 
square padas. For 


EF? = FA? + AF?, 
=HA%+AD2, 
=3AC2, 
=4}44 B2, 

EF? —108 square padas. 


This construction is the same as to find a square 
three times a square of 86 sqaure padas. For 108—8 x 67, 
If 105 would have been & square number or expressible 


as the sum of the two square numbers, the solution would 
have of course been very easy. 


To construct an isosccles trapezium having an area of 
324 square padas. 


Baudhayana says: 

‘‘Tfasqusre be formed with the third part-of the 
Mahdvedt. its sides will be each 18 pedas long. Then by 
making it longer an one side and shorter on the other, 
the sides should be determined optionally as necessary." ! 

E À 


3 


1 BSI, a 88-7.. ^ 
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The rule does not explain clearly how the sides of the 
square formed with the third part of the Mahdvedi, are to 
be varied, so that the modified figure may assume the 
shape of an isosceles trapezium, but still retaining the 
game area. It seems, however, that the altitude is left 


unchanged, only the face and base being varied. i 
A E FSB 
H p c G 
Fig SB 


Let ABCD be the square whose side AB is 18 padas 
long. Suppose EFGH to be the modified form. Also sup- 
pose EF —18z and HG=18y. Since the area must remain 
the same, we must have 


or ery = 2. 


Thus we can easily obtain any number of isosceles trape- 
ziums having the same altitude and area. 

We have explained before Baudhiyana’s method for 
the transformation of a square (or a rectangle) into sn 
isosceles trapezium which shall have a given face. That 
is different from the one supposed here. But this method 
has one advantage over that ; it does not disturb the east- 
west line and so its adoption, we think, to have been more 
probable. If the altitude also vary, we got an indetetmi- 
nate equation of the form 


R(et+y)=2 
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where 18s is the altitude of the resulting isosceles trape- 
zium. 


Volume of a Prism or Cylinder, 


We have so far treated of the shape and size of the 
. base of the various kinds of Fire-altars and have observed 
that the size in all cases has been prescribed to be the 
same, namely, 7} square purusas. Every  Fire-altar, 
save and except the one of the shape of the cemetery 
(Smaéüna-cit), has a perfectly horizontal surface whose. 
height is prescribed to be one jünu (=82 aühgulis) for the 
first construction, two j@nus for the second construction, 
and soon. Again the number of layers of bricks at suc- 
cessive constructions increases as multiples of five ; and 
the shape and size of any layer of a particular Fire-altar at 
any construction is the same as those of ite base. Hence 
all the Fire-altars are right prisms or circular cylinders. 
And the early Hindu geometers evidently knew the formula 


Volume of a prism or cylinder= (base) x (height). 
Approximate Volume of the Frustum of a Pyramid. 


The cemetery-shaped Fire-altar is in fact a frustum of a 
pyramid. Its base is an isosceles trapezium whose dimen- 
sions are stated by Baudhayana to be as follows: 


“ He should construct the Smaédna-cit ('' the Fire-altar 
of the shape of the cemetery ’’) who desires: ‘ May I gain 
prosperity in the Pitrloka (the world of the fathers) :'! it 
has been (taught). Six purugas are the length of the east- 
to-west line, three the length of the eastern side and two 
the length of the western side. This is the body (of that 
Fire-altar).''? 


1 "The quotation is from ZS, v. 4. 11.8. 
2 BSr, xvii. 80. 
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It should be remarked that the unit purusa in this 
pasasge is not the ordinary puruga of 120 angulis, but a 
reduced unit whose length is equal to aside of a square 
equivalent to one half of the ordinary square purusa.! So 
the area of the trapezium is equal to 15 reduced square 
purugas or 7&4 ordinary aquare purusas. 

The height of this Fire-altar has been specified by 
Baudhayane thus: 


‘‘Tts (S$1na$ana-cit) measure is, when neck-deep on the 
east, navel-deep on the west; when navel-deep on the 
east, knee-deep on the west; when Imee-deep on the 
east, ankle-deep on the west ; and when anklic-deep on 
the east, it is on a level with the ground on the west.’’ * 

Notwithstanding this difference in height on the two 
sides of the Fire-altar, its cubic content has to be kept in- 
taot. "To effect that in practice the following device. 
is generally adapted: 

‘* Tnorease the (usual) vertical measure of the Fire- 
altar by its one-fifth, Then divide the total height into 
three parts, and make bricks with (the height equal to) the 
fourth, ninth or fourteenth, part of two of these parts. 
Construct four, mine or fourteer layers with them. Divide 
the remaining part (having constructed it with one layer 
of bricks of tke height of one-third the total height) by the 
diagonal (plane) inclined down towards the west and re. 
move the half (i.&., the upper portion).’’ 3 

It has been preseribed that the nth construction of the 
Fire-slitar shall have a height of  janus and comprise of 5n 
jaysrs of bricks. Increasing the height by its one-fifth, 
we get 6/5 jinus. Two-thirds of them gives 4n/5 janus. 
Up to this height, the altas is, constructed in (fa—1) 


1 DSi, iii. 950-4 ; eorapare also Thibaut, Sulrasitra, p. 40. 
2 BSr, x«i. 39. 
3 BSI, iij. 256-8. 
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layers, £o that the height of each brick is equal to (5n — 1)th 
part of 45/5. One-third of the inereased altitude is 2n/8 
janus.  Nextlayer of the Fire-altar is constructed with 
bricks of height 2n/5 janu:. Then the upper portion o? this 
layer is cut off by the diagonal plane as directed. Hence 
the altitude of the altar is now 6n /S jünus on the east, 4n/6 
jànus on the west ; so that its average altitude is (6n/5 
+4n/6)/2 or n jànus. This device will be easily recognised 
to: be based on the following spproximate formula for cal- 
culating the volume of the frustum of a pyramid: [If 
` (a, b) be the length and breadth of the rectangular base 
of the solid, (a^, b/) the corresponding sides of the face 
parallel to it and h the height, then - 


Volume of the frustum = ( ate ye j Jh 


eee 


CHAPTER IX 


Tum THEOREM OF THE SQUARE oF THR DIAGONAL 


There is one very important proposition which, together 
with ils converse, looms much more considerably than 
anything else through the entire geometry of the Sulba. 
Baudhüyana has enunciated it thus: 


“ The dingonal of a rectangle produces both (areas) 
which its length and breadth produce separately." ! 

That i8: the square described on the diagonal of a rect- 
angle has an area equal to the sum of the areas of the 
squares described on its two sides. The proposition is 
defined in almost identical terms also by Apastamba ? and 
Katyayane.* 

This theorem is now EE associated with the 
name of the Greek Pythagoras (c. 540 B.O.), though “ no 
really trustworthy evidence exists that it was actually dis- 
covered by bhim.” 4. To denote it As shortly and clearly as 
possible, Hanke] suggested for it the name '' the Theorem 
of the Square of the Hypotenuse.” It would be more in 
keeping with the form and spirit of the early Hindu geo- 
metrical terminology to alter this slightly to ‘‘the Theorem 


* “eyes, : wart fadum a aque 
geared ufa 1 —B81, i. 48. f 
Compare Bőr, x. 19; xix. 1 for applications of the theorem. 
^ Aisan: wae Aa a ay r geragd 
wufa 1’ —ApSi, i. 4. 
Arana SR amit THT v aq TS qmd 
BT fer derer | Sl, ii, 11. 


Heath, Greek Math., I, p. 144f. 
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of the Square ef the Diagonal '" For the Sulba does not 
speak, ss we do, of the right-angled triangle; but of the 
square and the rectangle. Hence the altered title is 
adopted here. 

The employment of two different terms by compart- 
ment for what we denote by one, necessitated the ancient 
Sulbakaras to define the above proposition for the rect- 
angit again with reference to the square: . 


'' The diagonal of a square produces an area twice as 
much." } 

That is: The sarea of the square described on the 
diagonal of a square is double the ares of that square. 

The order in which these two and other closely related 
propositions is mentioned by different writers is note- 
worthy. The oldest known Sulbakara, Baudhiyana, states 
the second proposition before the first intervened by two 
other rules in the same connexion. The posterior writers 
like Apastamba and Katyàysna place the second just 
after the first, This change in the order in stating these 
propositions may not be entirely without any significance. 
It shows that by the time of Ápastamba and Kātyāyana 
the importance and generality of the theorem of the 
square of the diagonal of a rectangle was recognised fully. 
Bo they very naturally stated the corresponding theorem 
for the particular case of a square asa corollary to it. 
But from the point of view of the origin and growth of the 
theorem, Baudhayana’s arrangement is more natural. 

Another proposition which | has been most freely üsed 
in the Sulba for the construction of a right angle is this: 

“If a triangle is such that the square on one side of it is 
equal to the sum of the squares on the two other sides, then ` 
the angle contained by these two sides is a right angle.” 


! BSI, i. 45; ApS, 1. 5; KSI, i. 12 For applications of the 
theorem compare BSr, x. 19; xix. 1, xxvi, 10. 
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This converse proposition iz not found expheitly defined 
by any Sulbakara but its truth 1a tacitly assumed by all 
of them. 

Did. the ancient Hindus discover a proof of the theorem 
of the square of the diaganal? No conclusively satisfactory 
answer which will be beyond a shadow of doubt can be 
given to this question For there is not found any men- 
tion., direct or indirect, of suck a proof, even if it had 
existed anywhere ‘in the early literature of the Hindus. 
So what we shall say on this point will be more or less 
conjectural, based of course on other matters having 
positive bearing on the point in question. It may be 
pointed out that the state of affairs is not much better 
elsewhere. It has been already stated that though the 
proposition is now universally associated with the name 
of the Greek Pythagoras, ''no really trustworthy evi- 
dence exists that it was actually discovered by him.'' The 
tr&diion which attributes the theorem to him began five 
centuries after Pythagoras and was based upon 2 vague 
statement which did not specify this or any other gros 
geometrical diseovery as due to him. This led some erai- 
nent scholars like Hankel? and Junge ? even to deny to 
Pythagoras the discovery of the proposition of the theo- 
rem of the square of the diagonal. Again the method 
which ts supposed by the modern behevers of the Pytha- 
goras hypothesis to have been presumsbly followed by 
him to prove the theorem is purely conjectural.? So in 
the same way we proceed to discuss how the theorem 
was proved by the aacrent Hindus. It may be neted 


1 H Hankel, Zur Geschichte der Math. in Alteri und Maite- 
alter, Leipzig 1874, p. 97. 

23 G. Junge," Wann haben dis Grieschen das Irratzamale entdeckt ?* 
Novae Symbolae Joachimicce, Halle, 1907, po. 221-261; quoted by 
Heath (Euend, I, p. 351). 

^ Heath, Euchd, 1, pp 352 £. 
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that Bürk and Haniel are definitely of opinion that the 
Hindus had & general geometrical proof. So also was, 
and more pronouncedly, the eminent German philosopaer 
Schopenhauer, 


The rule of Baudhaéyana immediately following that 
containing the enunciation of the general theorem of the 
square of the diagonal runs thus: 


“ This (t.6., the truth of the theorem) is perceived in 
the rectangles with sides of three and four (units), twelve 
and five, fifteen and eight, seven and twenty-four, twelve 
and thirty-five, fifteen and thirty-six (umits).’’ ? 

The Sanskrit terms are trikacatughayoh, ete. They 
literally mean, ''the rectangle whose sides have three 
(units) and four (units),’’ ete. 

From this one might surmise that the ancient Hindus 
were aware only of the arithmetical character of the 
theorem and then by an imperfect generalisation applied 
it to rational rectangles. But such a surmise will be too 
hasty. For there cannot be absolutely any doubt about 
the fact that the Hindus fully recagnised the most general! 
geometrical character of ehe theorem and employed its 
truth universally. Indeed, we find instances of itb appli- 
cation to caes of rectangles whose sides cannot be xe- 
. presented by rational quantities. For instance, for the 
construction of the Sautrdmanthi-vedi, application is made 
of the right-angled triangle (15/8, 806/ 4/8, 89/ 4/8) or 
(64/8, 12 4/8, 18 4/8) and for the Asvamedhiki-vedi of the 
right-angled triangle (15 4/2, 80 4/2, 39 4/2). 

The propositions about the combination end trans- 
formation of areas which we have noticed before may also 
be cited in this connexion.  Perfeetly geometrical charac- 
ter of them cannot be questioned. 


1 BSI, i. 49. 
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Above all there is the remark of Katyayana at the end 
of his enunciation-of the general theorem of the square of 
the diagonal of a rectangle: iti ksetrajfiünam or *‘ this is 
the knowledge of (plane) figures." Thibaut renders it as 
‘‘ this is the knowledge (requisite) for (the measurement 
of) areas." This is evidently inaccurate, For in the Sulba- 
sitra, the area is technically called bhümi, not ksetra 
which denotes ''figures." These prove conclusively that 
the universal geometrical character of the theorem was 
fully recognised. - 

On the other hand the above rule of Baudhüyana 
suggests that the truth of the theorem of the square of 
the diagonal was perceived and proved in the case of 
rational restangles first; and it was then generalised and 
found to be true universally. This is perfectly natural. 
In support of this hypothesis may be cited the rule of 
Apastamba and Katyayana for the calculation of the area 
of a square: 


'" Ag many units of a measure as are in & cord so 


many rows (or series) of squares (of that measure) there 
will be in a square on that cord as a side." ! 





diagonal of a rational rectangle and dividing them into 


t ApSl, iti. 7; KSI, iii. 9. Vide supra p. 96. 


* 
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elementary squares if will be easily found by calculation 
that the square on the diagonal is equal to the sum of the 
squares on the sides. : 

This hypothesis as regards the proof of the theorem 
presupposes & knowledge of the rational rectangles. How 
the ancient Hindus discovered such rectangles we shall 
discuss in the next chapter. 

The rules of Baudhéyana just preceding the one con- 
taining the proposition of the theorem of the square of the 
diagonal of a rectangle are these : 

‘‘ The diagonal of a square produces an area twice as 
much. 

(Take a rectangle whose) breadth is (equal to) the 
measure (of the side of a square) and length (equal to) its 
dvikarami; ite diagonal will be trikarani (‘ three- fold-pro- 
ducer’ of the square). 

'' Thereby is explained the irtiye-karani (‘ the generator 
of the third part’ of the square); it is the ninth part of 
the area,” ! - 

If this arrangement of the propositions can be supposed 
to give any clue as to the discovery of the theorem of the 
square of the diagonal, then it will have to be said that the 
theorem for a square was discovered first. In that case the 
hypothesis about the discovery of a proof of the theorem 
must be a little different from the one suggested above. 

Now one of the oldest Hindu Fire-altars is the Catura- 
sra-syenacit, The oldest method for its construction does 
not presuppose a knowledge of the theorem in question. 
This method had been expressly taught by Apastamba. It 
was undoubtedly known to Baudhayana who hints it very 
briefly and gives in fact what is rather an improved form 
of it. Birk ? surmises that.the proof of the theorem was 


1 BSI, i. 45-7 ; see also BSr, xix. L 
* Birk, ZDMG, LV, pp. 536 f. 


110 BURK’S HYPOTHESIS 


discovered just in the figure of the Caturasra-éyonacit, 
The square ACFE on the diagonal AC of the square - 
ABCD of the four squares forming the dtman (or '' body ’’) 


H A B 

E 2 c 

K y G 
Pig. GO 


of tbis altar is obviously equal to the square ADEH on 
the sido AD and the square DCGF on the side DC. Bürk 
hes further eonfirmed his hypothesis by a reference to 
Baudhiyana’s imperfect rule (taught also by Katyayana) 
for the transformation of a square into a rectangle. 


ee e T 





mwm om c we a —_ ev oe ee te 


Figs 61 


This hypothesis about the discovery of the proo? of the 
theorem of the square of the diagonal of a square ia 
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endorsed also by Heath.’ It is certainly more likely than 
the one suggested by Cantor? and Allman ? about Pytha- 
goras' proof of the theorem. (Fig. 62.) 


Fig 62 


Thibaut says: '' The authors of the sütras do not give 
us any hint as to the way in which they found their pro- 
position regarding the diagonal of a square; but we 
suppose that they, too, were observant of the fact that the 
square of the diagonal is divided by its own diagonals into 
four triangles. one of which is equal to half. the first 
square [Fig. 68]. "This is at the same time an immedi- 
ately convincing proof of the Pythagorean proposition as 
far as squares or equilateral rectangular triangles are 
concerned.” 4 


| T. L. Heath, The Thirteen Books of Euolid's Elements, in 
3 volumes, Cambridge, 1908, Vol. I, p. 852. 

It may be noted that tbis proof of the particular case of the theorem 
of the square of the diagonal was adduced with the figure, as that of 
its general case, by Al-khovwaArizm! (c. 825). (F. Rosen, The Algsbra of 
Mehammed Ben Musa, London, 1881, pp. 746.) 

* M. Cantor, Korlesungen über Geschichte der Mathematik, 3rd 
ed., Bd. I, p. 185. 

> J.C. Allman, Greek Geometry from Thales te Euclid, Dublin, 
1889, p. 29. i 

Thibaut, Sulbegu::.,p 8. 
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Fig 63 


Burk thinks thot this supposition is less probable, 
` because it has no connecting link with the constructions 
ordinarily met with in the Sulba, also because it does not 
explain what might have induced the Sulbakaras, after 
they had drawn one square, to constructa new square 
on the diagonal of the same. : 

Such construction is not really as unnatural for the 
Sulbakàras as is supposed by Birk. It is indeed clearly in 
evidence in the pattern of the first layer of bricks in 
the firat kind of construction of the Vakrapakaa-áyenacit 
as described by Baudh&yans.' To draw the attention 
directly, the relevant portions of it are here marked with 
bold lines ? (Fig, 64). Further Baudh&yana teaches us to 
construct & square (brick) with half the diagonal of 
another square.? This leads to a construction of the kind 
supposed by Thibaut. 

However, similar objections may also be raised, partly 
at least, against the supposition of Burk. What might 
have led to the drawing of the diagonals of the four 
squares forming the body of the Caturasra-áycnacit ? 
They are not required as a matter of course. 


1 BSI, in. 62-104. 
* Bi, in, 87-104. Compare Pandit, Vol. X (O. 8.), p. 211, 
! BSk iii. 989. 
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Fakrapakga-syenacit v 


First layer of construction (after Baudhayana) > 


An equally convincing hypothesis, which is very nearly 
alike to that of Burk but free from all those defects, is 
suggested by the method of construction of the Paitrki- 
vedi. According to one tradition about that vedi, it is a 
square of one square purusa in area whose corners are 
turned towards the cardinal directions.! For its construc- 
tion Katyayana indicates the following method: ~ 


'* For the Paitrki(-vcdi), construct a square whose area 
is two square purusas; fix poles at the middle of its sides. 
(The figure formed by lines joining these poles will be the 
vedi required.) This is the method of construction.” ? 

Mention of that tradition about the Paiirki-vedi is 
made also by Baudhiiyana.* In fact, the construction of 


1 Kér, xxi. 8. 98. 3 KOSI, ii. 6. 3 LSI, į. 88-4. 
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& square with its corners pointed towards the cardinal 
directions is mentioned as early asthe Satapatha Brah- 
mana. But how to do it has not been indicated there. 
This is to be accounted by the fact that the method, which 
is undoubtedly the same as that described by Katyayana, 
was too well known. In fact it seems to have been the 
usual practice in all such cases. Compare Baudhiyana’s 
imperfect method for the transformation of a square into 
a rectengle where also it is necessary in the beginning to 
construct a square whose corners are turned to wards the 
cardinal directions. The common methods for the trans- 
formation of a square into a triangle and a double triangle 
or rhombus may also be referred to. 


A E B 

H F 
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It is thus learnt that the figure * EFGH obtained by 
joining the middle points of the sides of a square ABCD 
was kuown to be square in shape and half the original 
square in area. Now the original square ABCD was 
naturally recognised as equivalent to the square on EG 
which is the east-west line. For as has been described 


1 SBr, xni. 8. 1. 5. 

2 This figure was happily conceived also by Hankel as the possible 
source of the d'scovery of the theorem. But he was not aware of the 
spccial aspect i$ had in the geometry of the Sulba. 
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before the usual practice of the Hindus for the construc- 
tion of a square (or mdeed sny other regular figure) of 
given sides was to construct if in such a way as to 
make it lie symmetrically on the east-west line. This 
EG is again the diagonal of the newly formed square 
EFGH. So this figure leads in a very simple and vivid 
way to the discovery and proof of the theorem of the 
square of the diagonal of a square. If we join HF, we at 
once obtain the construction forming the basis of Bürk's 
hypothesis. 

How the ancient Hindus proceeded next to finda 
general proof is well hinted by the following two proposi- 
tions of Katyayana preceding that of the general theorem 
of the square of the diagonal of a rectangle: 


' (Take a rectangle whose) breadth is one pada and 
length three padas; its diagonal is the ' ten-fold-generator ' 
(t.c., 16 generates a square ten times as large as a squares 
of one pada). 

** (Take a rectangle whose) breadth is two padas and 
length six padas; its diagonal is the ‘ forty-fold-generator ' 
(1.e., it produces a square forty times aa large as a square 
of one pada).”’ ! 

It is evident from Fig. 66 that the square ABCD is 
equal to ten elementary squares, four forming the inner 
square OPQE and the remaining six from the halves of 


1 KSI, ii. 89. Compare KSr, v. 8. 83, for an ‘application of the 
first rule and xvii. 3.14 of the second. 

In the manuscripts of the Kdty8yana Sulba known to me, there 
occurs a rule intervemimg between these two propositions and the propo- ` 
sition of the general theorem of the square of tbe diagonal : 

** The measure of the yuga and the famyá has been taught (before 
as it is found (in the holy seriptures). '—X $1, H. 10. 

I think this rule hes been placed here erroneously by a copyist. 
Bo these is æ gradual devclopment of the proposition of the theorem 
_ of the square of the diagonal frem the particular cases to the most 
generel one. 
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Fig 60 b j 


the four rectangles surrounding it, viz., AFBO, BGCP, 
CHDQ, DEAR, each of which contains three elementary 
squares. These can again be divided into two groups: 
one group consisting of nino elementary squares forming 
the square on the line OB and another group of a single 
elementary squrre ^x the side OA. Thus it is proved that 


AB? = OA? + OB? 


If the side of each elementary square be one pada, we 
find a proof of Katynyana's first proposition, and if 34 
measures two padas, a proof of his second proposition. 

From these and similar instances of rectangles whose 
lengths and breadths can be represented by commensu- 
rable quantities, and in which the truth of the theorem is 
proved easily, it is not difficult to surmise how to proceed 
to find a general geometrical proof of it. 
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According to this supposition we are to draw four rec- 
tangles equal to the given one each having as its diagonal 
a side of the square on the diagonal of the given rectangle. 
Then it follows obviously, 


c? 


ll 


4(4ab) + (a—b)?, 
or c? = a? + b?, 


We thus find from the Sulba how by successive stages 
the ancient Hindus developed, as is highly probable, a 
general proof of the theorem of the square of the diagonal. 
As confirmatory to this hypothesis, we may refer to the 
method of Apastamba for the enlargement of a square. 
If it be required to construct a square whose side will 
exceed a side b of a given square by a, add, says Apas- 
tamba,! on the two sides of the given square two rec- 
tangles whose lengths are equal to b and breadths to a; 
then add on ‘the corner a square whose sides are equal 
to the increment a. Thus will be obtained a square 
with a side equal to a+b (Fig. 08). A similar method is 
taught by Baudhayana.2 Now we can divide the added 
rectangles by their diagonals and place the four resulting 
triangles of sides a, b, c around another square of the 
same size as the enlarged square, in the manner shown in 
Fig. 67. 

Nearly the same figure as Fig. 67 is formed by the 
constructions described in the Sulba, for the combination 
of two different squares (Fig. 88). The general truth of 
the theorem was very likely perceived from that figure. 


1 ApSl, iii. 9. See alzo p. 176 mfra. 

3? BSI, ii. 192-4, 

3 Compare C. Müller, ‘‘ Die mathematik der Sulvasttra,’’ Abhand. 
a. d. math. seminar d. Hamburgischen Univ., Bd. vii, 1929, pp. 175- 
205 ; more particularly pp. 104 ff. 
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Tke above proof of the theorem of th» square of the 
diagonal is given in later times in India by Bhüskara II 
(1150).! Bretschneider ? conjectures that Pythagoras’ 
proof of the theorem was substantially the same. In 
approving of this hypothesis of Bretschneider, Hankel 
remarks that ‘‘ if has no specific Greek colouring but 
rather reminds of the Indian style.” ? This remark has 
been accepted by Allman,* Gow ? and Heath.® Heath 
has pointed out snother objection against accepting that 
as Pythagoras’ proof, though he admits it to be the 
“ best.” 7 This interesting proof was given also by 
Chang Chun-Ch'ing (c. 200 A.D.) in his commentary of 
the ancient treatise Chou-pei (c. 1100 B.O.).8 

Another plausible hypothesis will be thatthe ancient 
Hindus were led to the discovery of the general proof of 
the theorem of the square of the diagonal in the following 
way: Let ABCD bea given square. Draw the diagonal 
AC and cut off AH equalto AC. Construct the square 
AEFG on AE. Join DE and on it construct the square 
DHME. Complete the construction as indicated in 
Fig. 69. Now the square DHME is seen to be -comprised 


l1 Bijagantta (ef Bbhaskars IT), ed. Sndhakara Dvivedi and Muarali- 
dbars Jha, Benares, 1927, p. 70. 

3 ©. A. Bretschneider, Die Geometrie und die Geometer vor 
Eukledes, Leipzig, 1870, p. 82. 

3 H. Hankel, Zur Geschiehte der Mathematik. m altertum und 
multelalter, Liepzig, 1874, p. 98. 

5 G.J. Allman, Greek Geometry from Thales to Euclid, Dablis, 
1888, p. 37. 

5 J. Gow, A Short History of Greek Mathematics, Cambridge, 
1884, p. 1*5 f. 

6 Heath, Euclid, I, p. 355. 

7T Heath, Euclid, I, p. 855; Greek Math., T, p. 149, 

8 Y. Mikami, ‘‘ The Pythagorean Theorem," Archto, Math. Phys., 
XXII (3), 1912, pp. 1-4 ; The Development of Mathamaties in China and 
Japan, Leipzig, 1918, p. 5. 
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of four right-angled triangles each equal to DAE and the 
small square ANPQ. This square will be easily recog- 
nised to be equal to the square CRIS and triangles equal 
to the rectangles AERD and ABSG, Therefore the 
square DHME is equal to the sum of the squares ABCD 
and AE FG. Hence the theorem. Constructions like this 
are necessary in the usual course in the Sulba.! 


Early History 


The early history of the theorem of the square of the 
diagonal, in India, has been very ably treated by Purk.* 
We have now discovered a few more corroborative 
evidence of unquestionable value as regards its ancient 
character. In the Sulba, the theorem is found to have 
been applied very extensively. Even in the construction 
of a square, a rectangle or a trapezium, is ordinarily pre- 
supposed a knowledge of its comverse. We may, however, 
presume for the sake of the best argument on the adverse 
that in the anterior times, those simple geometrical figures 
were used to be constructed by methods which would not 


1 For instance see Fig. 57; soe also Pandit, O.8., X, pp. 46 f. 
2 Burk, ZDMG, LV, pp. 546 f. 
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depend in any way on that theorem.! The proof of the 
possibility and existence of such methods, we find also in 
fhe Sulba, But there are certain other geometrical 
constructions such as (i) the geometrical constructions of 
V2, “3, etc., and (ii) the transformation of rectangles into 
squares, for which the theorem of the square of the diago- 
nal is absolutely indispensable. Hence to determine the 
ancient history of the theorem in India, we shall have to 
find from the ancient literature of the Hindus the oldest 
instances of the application of the one or the other of 
those geometrical constructions. Such instances occur 
indeed copiously. 

Now the doubling of a square, i.c., the geometrical 
construction of 4/2, is necessary for the construction of the 
one of the three primarily essential altars of the Vedic 
sacrifices, viz., the Dahsina. It has been pointed out 
before that the existence of those three altars is older than 
the Rgveda (before 8000 B.C.). Hence the theorem of 
the square of the diagonal, particularly in its simplest 
form for the case of the square, is as old as that. In 
connexion with the construction of the Hathacakra-citi, as 
in the case of the most of the Kimya Agni, one has first 
to draw a square equal to the primitive and standard 
Agni, the Caturasra-sycna-cit, whose area is 74 square 
purusas and whose form (Fig. 1) consists partly of squares 
and partly of rectangles. It will be easily seen that the 
solution of this problem is not possible without the help 
of the theorem of the square of the diagonal in its general 


l From the preference which is found to have been given in the 
Sulba to the method of construction of rectaagles and trapeziums with 
the help of the rational rectangle (15, 30, 89) connected with the dimen- 
sions of the Mahavbedi, which will be noticed in the next chapter, we 
are convinced that the same method was used to be followed as early 
as the time of-the Taittiriya and other Samhitd (c. 8000 B.C.). But 
here for arguments’ sake we shall waive that conviction’ too. 
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form.! For the Praiiga-citi, one has again to double 
that square. Hence the theorem must be as old as the 
Taittiriya and other Samhita (c, 3000 B.C.) where, it has 
been pointed out before, occurs the express mention of the 
construction of the Kämya Agni, In the Satapatha 
Brühmama, we are asked to construct a square fourteen 
times as great as another square of one purusa. Again 
it is required to divide the small square into seven parts 
and three of the parts will have then to be combined with 
the larger square to form anew square,? From that 
Drühmana, we come to know of some ancient authorities 
who used to approve of the construction of a series of 
Agni of the square shape, with areas 1}, 24,...6% square 
purusas.2 These have been incidentally mentioned by 
Baudhiyane * and  ipastamba.? But the Satapatha 
Brühmana particularly forbids the construction of such 
altars. That is, however, quite immaterial for the object 
we have now in view. I is sufficient and important for 
us to know that such constructions which clearly depend 
upon the addition of squares were once in vogue, at any 
rate in some particular schools, before the time of the 
Satapatha Brühinana (c. 2000 B.C.). In one of the cases 
noted above i6 is necessary to transform a rectangle into 
a square before it ean be added to another. In the 
Srauta-sütra, we find copious instances of the geometri- 
cal construction of 4/2, “8, etc. Some of those instances 
can be clearly distinguished from all the previous ones 


1 Qf. Burk. ZDMG, LV, pp. 849, 553. 

4 SBr,x. 2.3. 7-14, For further particulars in this connexion see 
Chap. XII. 

3 Ibid, x. 2. 8. 17. 

4 BSI, iii. 318-9. 

5 Ap&l, viii. 3, 5; xii, 1-9; ApSr, xvi. 17.15. In this work, the 
tradition is expressly attributed to the Satapatha Brahmatta. 
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inasmuoh as in them the application of the theorem of the 
square of the diagonal has been very clearly mentioned. ! 
In the Baudhayana Srauta, the converse theorem is used 
for the construction of the Mahüvedi.? Thus we learn 
that the theorem of the square of the diagonal really plays 
a very important part in the science of altar-construction 
from very early times and in some cases it is, in fact, 
indispensable. 


1 For example,we take the following from the earliest Srauta-eutra, 
namely the Baudhóyana Srauta : 

^ ww werde fafemira were IG: RATATAT Wale 
aay errat Rat errata wera quradtarwetf: festa 
yaa ur saagaa wl adat war sy fi a 
gafit at owreufad at arated at Sead WSSDÉWSXDHTe D wey 
aaa wear ufati | ’—BSr, x. 19. 

* Seana AA amali wear: afta weRaaes TUI! 
wife mys m. umen wwe Se fafa) wit a career 
ara art ue fax: maa aa: wade: une ered: gern 
TAGS aay a: pdf c uma Ha dies! fg” 
-—-BSr, xix. 1. 

Compare also BSr, xavi. 10. 

! BSr, vi. 29. 


CHAPTER X 
RATIONAL RECTANGLES 


In the Sulba-sitra we meet with the following rational 
rectangles : 


(a)! 39--4?—52, 
(i)? 9?--12*-152, 
(i)) 129+16%=202, 
(ii^ 162-4-202— 9252, 
(iv)? 722 96? —1907. 
(b) 52 .-12?—182, 
(i) 15?.--86?—99*, 
(H)8 402-90? —1042. 
(c)? 7? --24? =25?, 
(d)!? 8?.-152—172. 
(c)! 123.-852--872. 
1 BSI, i. 48; ApS, v. 8. 
3 KSI P, verse 31, 
3 ApSl, v. 8. 
4 ApS, v. 3. 
5 MaS?, ii. 4-6. 
5 BSI, i. 49; ApS, v. 4. 
7 BSI, i. 49; ApSl, v. 2, 4; MaSI, v. 2-5. 
3 BSI, i. 49. 


10 BS], i, 49; ApS, v. 5. 
1 BS], i. 49; ApSl, v. 5. 
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Besides these of which the sides and the diagonal are 
rational integers, we find also a few other rectangles whose 
sides and diagonal are expressible in rational fractions: 


(s)! (2})? + 83 = (8})2 

(a.vi)? (74)2 + 10° = (123? 
(bii)? (18)9 + 42 = (43)? 

(biv)* (21) + 6? = (61)? 

(b.v)> (2,5)? + 5? = (58)? 
(b.vi)S (41)? + 102 = (107)? 
(b.vii)? (111)2 + OT! = (291)2 
(b.viti)8 (784)2 + (188)! = (2083)? 


It will be very interesting to know how the early 
Hindus discovered their rational rectangles. Thibaut 
observes: ‘‘ Most likely they discovered that the square on 
the diagonal of an oblong, the sides of which were equal to 
three and four, could be divided into twenty-five small 
squares, sixteen af which composed the square on the 
longer side of the oblong, and nine of which formed the 
area of the square on the shorter side. Or, if we suppose 
a more convenient mode of trying, they might have found 
that twenty-five pebbles or seeds, which could be arranged 


1 KSI P, varse bf. 

? Müsli, vi. 

3 MatSl. 

4 AnSl, vı. 6; MaSl, iv; Maisl. 
5 ApSi, vi. 7. 

6 ApSl, vi. 8. 

7 ApSl, vii. 8. 

8 ÁpSl, vi. 5. 
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in one square, could likewise be arranged in twe squares 
of sixteen and of nine. Going on in that way they would 
form larger squares, always trying ifthe pebbles forming 
one of these squares could not as well be arranged in 
two smaller squares. So they would form a square of 36, 
of 49, of 64, eto. Arriving at the square formed by 
18 x18=169 pebbles, they would find that 169 pebbles 
could be formed in two squares, one of 144, the other of 
25. Further on 625 pebbles could again be arranged in 
two squares of 576 and 49, and so on.” ! 

Thus Thibaut supposes that the Hindus had, starting 
from a greater square, obtained two smaller ones by 
division. Birk on the other hand supposes that they 
started more likely from a smaller square and found that 
the new square formed by increasing it was the sum of 
two smaller ones,—the original square and the square 
formed by the added portion. This supposition, indeed. 
tallies more with the procedures found in the Sulba. For 
instance, take the method of construction of the Sara- 
rathacakra-cit described by Baudhayana. There one has 
to make, as an auxiliary construction, a square with 225 
plus 64 altogether 289 square bricks. Baudhiiyana says: 


'" With these bricks a square is to be formed. The 
side of a square (first formed) comprises sixteen bricks. 
Thirty-three bricks will still remain in excess. W ' 
them construct the borders (on two sides) complete.. 
round.'' ? 

It will seem strange that instead of being directed to 
construct the whole square at once, we are toldto make at 
first a square with 256 bricks and -then to place the 
remaining 938 bricks around its two sides. As has been 
rightly pointed out by the commentator, this rule must be 


1 "Thibaut, &ulvasütras, p. 12. 
3 BSI, iii, 191-4. 
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explained by the fact that the process of construction 
really began with a square consisting of 4 bricks. Next 
square was constructed by plecing 5 squares, along its 
two sides, so that it contained 9 bricks. Proceeding 
thus and placing the additional bricks alternately on the 
north and east sides, and on the south and west sides, 
a square of 256 bricks was constructed without disturbing 
the position of symmetry of the altar about the east-west 
line. But the addition of the remaining 88 bricks 
displaced this symmetry and for this reason perhaps, 
Baudhüyana gave that unusual direction ! 

This explanation is, .however, immaterial for the 
purpose of our immediate object, It is quite sufficient 
that we have found that a new and larger square 
was used tobe formed from another of smaller size by 
adding to it a portion in the form of a gnomon. More 
particularly it is found that a square comprising of 289 
equare bricks, 17 on each side, was formed from another 
of 225 bricks, 15 on each side, by the addition of a 
gnomon consisting of 64 square bricks. Thus is obtained 
the rational rectangle 15? + 8? = 17°. 





Fig '70 


The whole process appears in a nutehell in the general 


i Compare Thibaut, Sulvasütroe, p. 35E. 
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rule for the enlargement of a square which has been 
explained before. Itis then simply by noting when the 
square bricks comprising the gnomon can alro be placed 


Fig: 71 


in the form of & square that the Hindus very likely 
discovered the rational rectangles. As has been suggested 
by Treutlein,! and followed by Allman ? and Heath, 3 
it was substantially in the same way that Pythagoras 
discovered the rational right-angled triangles which are 
now generally associated with his name. 

The number of rational rectangles employed in the 
Sulba for the purpose of the construction of altars is found 
to be few. It wil be fewer still—five  only—-if we 
consider the independent ones, Jeaving out the multiples 
or sub-multiples of them. Bo it will be naturally asked 
were the early Hindus aware of other rational rec- 
tangles? Had they any general rule for finding any 
number of rational rectangles? 

In dealing with these questions, we shall first refer to 
two observations of Apastamba which appear to imply an 
answer in the negative. After describing four methods 


1 P. Trentlein, Zeits. f. Math. u. Phys, xxviii, 1883, Hiat.-litt. 
Abtheilung, pp. 209 ff. 

2 Allman, Greek Geometry, pp. 308. 

à Heath, Euchd, I, p. 358. 


128 INTERPRETATION OF Jřeyāni 


of constructing the Mahávedi in which use has been made 
of altogether eight rectangles of which the sides and the 
diagonal are expressible in rational integers, Apastamba 
observes: ! 


Ktdvants jñeyäni vedi-viharanáni bhavanit. 


Thibaut has the reading vijiteydni in the place of jfieyáni 
given by Birk and also found in my manuscripts. The 
difference is, however, immaterial. Thibaut translates the 
passage thus, ‘ So many '' cognizable 
the vedi exist.” * Birk renders it as ‘ There are so many 
'' recognizable ” (erkennbare) constructions of the vedi,’ ? 
and has thus closely followed Thibaut The latter further 
observes: ‘‘ That means: these are the measurements of 
the vedi effected by oblongs, of which the sides and the 
diagonal ean be known, t.e., can be expressed in integral 
numbers.’’ Burk is of the same opinion. 

The other observation of Apastamba which we shall 


tt 29 


measurements of 


` 
, 


refer to is 
tübhirjeyübliruktam viharanam 


and it occurs at the end of his enunciation of the theorem 
of the square of the diagonal of a rectangle * Burk 
renders it thus:  '' The construction (in i. 2 and 3) has 
been taught by means of (the application of) these (the 
aksnayüárajju, parévamdani and tiryanmdani of a rectangle) 
—of course by means of suchas are ‘‘ recognizable ”’ 
(i.e., which can be expressed in integral numbers).’’ 

Thus according to the supposition of Thibaut which is 
accepted also by Burk, the qualifying words jieydni and 
jfieyübhih imply only those rectangles of which the sides 
and the diagonal can be expressed in rational integers. 


1 ApS, v. 6. 

3 Thibaut, Sulvasttras, p. 19. 

3 ZDMG, LVI, p. 841; compare also p. 329; LV, p. 560, fn. 3. 
4 AySI, 1. 4. 
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This supposition is doubtless wrong. For in the first 
expression the word jfeydni very clearly qualifies vedi- 
viharanani or ‘‘ the methods of construction of the vedi,” 
the word vedi undoubtedly referring to the Mahavedi 
mentioned in the foregoing rules. This is further 
confirmed by the word etdvanti meaning '' these,’’ :‘‘ so 
many," the reference being to the four methods of con- 
structing the Mahdvedi described by Apastamba. Where 
is then the ground to suppose, as has been done by Thibaut 
fod Burk, that 7&eyüni implies the rectangles employed 
for the purpose of those methoda ? In the second passage 
the word viharanam (‘‘ construction ” or ‘‘ the method of 
constructions ") clearly ! refers to the methods of cons- 
truction described in the two foregoing rules, vis., 4pSl, 
i, 2 and 8, and the word jfteydbhih to the rational rectangles 
used therein. This has been admitted by Birk also. 
Now the methods referred to are those for the construc- 
tion of squares and rectangles of given sides, and they 
primarily depend upon drawing right-angled triangles 
(or rectangles) having a given side, or more particularly, 
having a side equal to a side of the required figure. The 
sides and the diagonal of the rectangles are stated to be 
(a, 5a/12, 184/12) and (a, 82/4, 5a/4). It is only when 
@ is & multiple of 12 (in the first case) or a multiple of 4 
(in the second case) that the sides and the diagonal of the 
rectangles employed for the purpose of the construction 
of altars, will be expressible in rational integers, other- 


! Compare what Apastambs says: uktam “said,” ''stated' or 
tt degeribed ; ° meaning that the method of construction has been des- 
cribed before. This can be further confirmed by referring to what 
Apastamba has written in the rule just preceding the one under dis- 
4ussion (i. 8). After stating the dimensions of the sides and the 
diegonal of the rectangle to be used, oiz., (a, 82/4, 54/4), Apsstamba 
observes vydkhydtem viharanam, * the method of construction has been 
(alseady) desoribed (in the preceding rule)."" 

17 


i 
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wise not. Indeed in actual practice Apastamba has 
employed four particular cases of the first, viz., (24, 6, 64), 
(21,, 5, Oy), (44, 10, 102) and (114, 27, 201), which have 
fractional sides and diagonals. 1 : 

Again for the purpose of the construction of altars, 
Apastamba has used even such rectangles in which the 
sides and the diagonal cannot be expressed in terms of 
rational numbers.? So the interpretation of the words 
jfieyani and jieyabhih, as supposed by Thibaut and Birk, 
is absolutely untenable, 

Having detected that this interpretation is open to 
such a serious objection, Heath modifies it and says: 
“ But the words (etavanti jfeydni, etc.) also imply that 
the theorem of the square of the diagonal is also true 
vof other rectangles not of the ‘‘ recognisable ” kind, that is 
rectangles in which the sides and the diagonal are not 
in the ratio of integers; this is indeed implied by the 
constructions for 4/2, 8, etc., up to V6 (cf. ii. 2, 
viii. 5).’’> But he would still presume that the remark 
implies that Apastamba knew of no other rational rec- 
tangles that could be employed. 

Let us next turn to find how the passages in question 
have been explained by the orthodox commentators. 
Amongst them, the most elaborate explanation of the 
expression iabhirjfüeyaübhir, eto., is found to be that of 
Karavindasvimi. According to him, the word jñeya 
implies that variety of quadrilaterale in which of the sides 
and the diagonal any two being given, the third ‘‘ can be 
known '’ with the help of the theorem of the square of 


1 ApSl, vi. 6-8, vii. 8. 

7 Vide supra, p. 121. Further in two other methods of construc- 
tion Apastamba has used the isosceles right-angled triangle (or s 
square) a, a, a9 (ii. 1, ix. 8). 

3 Heath, Nuolid, I, p. 868. 


SANSKRIT COMMENTATORS 131 


the diagonal; or it denotes the rectangles which ‘‘ can be 
conceived in mind,’’ the sides and the diagonal of them 
being expressible in terms of commensurable quantities. ! 
The first explanation is given also by Sundararüja and the 
alternative one by Kapardisvami. Sundararadja is silent 
about the true import of the word jfieyüni in etdvanti 
jfeyüni, eto. In the opinion of Karavindasvami and 
Kapardisvümi, it implies those rectangles in which the 
sides and the diagonal '' can be known in terms of numbers 
which are rational (fuddhamiüla, lit. ' which are’ perfect 
roots ’).’’ 3 

These interpretations appear to me to be as unnatural 
and forced as those of Thibaut and Bürk. Every one of 


i Karavindasvami writes: 
^ AERA EE APR STAT, TFTA PATRI 
Mg MAA MT Wan! ay we wT wespndamp uper 
werad q fea eee act free aritfa sq waa) water: 
Want aru dar afatan aera: gme ayera 
gafta aa (west Sa aftarefaqqfaaia: gafa- 
fred gafan | ” 
Sundararàja says: 
qat iaa CHR] wai qun oprartifadne ara 
wies vu safe dure wien. p ere arane a eri- 
taana up upbepfas faethe fine qe faire ards ferire arta 
fasta werent: | wd fürs anit: gotta freed 1" 
Kapardisvim! has: 
"grates sre faerat ufeaferafe > 
2 Karavindasvami says: 
f wafer perm wg’ wey 
Kapardisvàm! says: 
“vere W geqefa sq wef afana wafer) oq 
we. Afa aean (7 
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these interpretatious is putting  construetion on the text 
which it does not seem to bear. At any rate those inter- 
pretations have been made irrespective of the sense in 
which the words very closely related to jiteya have been 
used in the Sulba and of the nature and spirit of these 
works. 

The question of the rationality or irrationality of the 
sides and the diagonal of the rectangles used in the con- 
struction of altara can arise only when we begin to think 
of them in terms of numerics] quantities. But the 
Sulbe deals truly with geometrical construction and not 
with numerical calculation. In commenting upon jñeya 
from the standpoint of numerical representation, the 
commentators, ancient ae well as modern, have fallen into 
an error.! 

I think thai the word jfeya should be explained 
quite differently. Its literal significance is, as has been 
explicitly stated by the commentators, ‘* can be known ”’ 
(fünlütwm $akyate). It comes from the same root jAd, ag 
the word vijftdyate, meaning ‘‘ is known." Hence both 
the words should be explained so as to exhibit the same 
relation. Now on many occasions in the Sulba in con- 
nexion with the statements of the measurements of 
altars, the description of the methods of aonsáructing 
them, etc., we find the remark...iti...vijidyate.2 It 
implies that such and such thing ''is ki... from the 
ancient holy scriptures.’ Indeed those things can be 
actually traced therein. I think the word jfieya also 
should be explained as implying a reference te the same 
ancient scriptures. Thus the expression tabhirjieydbhir, 


1 jt is noteworthy that this is one of the a»gumanis applied by 
Bark against the interpretation of Suudararája. 

* For instance see BSI, i. 65,71, 79, ete. ; ÁpSt, iy. 1, 3,5; 
v. 1, 8, 10; vin. 1, 4, 7, ete. 
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eto., means ‘ the method of ‘construction (ef the altars) 
has been described by means of those rectangles that can 
be known (from the ancient scriptures)." The other 
expression etavanti jüeyüni, ete., will then mean '' these 
only are the methods of construction of the (Mahd-)vedi 
whieh can be known (from the aneient soriptures).'' 

We shall now take up the question whether the 
ancient Hindu- had any general method of finding 
rational triangles. Of course there is not found in the 
Sulba any rule devoted particularly to the definition of 
such a method. So whatever we shall say on the point 
will consequently be by way of inference, more or less 
conjectural. However there are good reasons to believe 
that the Hindus knew of general formulas for finding 
rational rectangles. 

We have already pointed out how the ancient Hindus 
presumably discovered the rational rectangles which are 
found in the Sulba by noting when the square bricks 
comprising the gnomon added toa square might them- 
selves be arranged again im the form of a square. 
Observing that the gnomon of one square brick depth put 
round a squáre formed with n? such brioks, consists of 
2n--1 bricks, they would have only to make a square with 
2n +1 bricks.! 

If we suppose that 2n+1 = m?, 
we obtain n = i(m?—1); 
and therefore n+1 = 4(m?+1). 

Ft follows that 


Se ee sn 


This formula follews, indeed, more directly from a 
special rule of Katyayana for finding the sum of a number 
of equal squares. Ifn be the number of equal squares of 








! Compare Maller, lee, cit., pp. 202 f. 
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sides equal to a each to be combined into one, then, the 


rule says, 
2 = 
na? = (37) a? — F) e 
Putting m? for n, we get 


2— 2 2 
m?a? + (™ 5 *) a? = (mye. DM (À) 





In particular, taking a=1, we get at once the formula (A). 
If the sides and the diagonal of the rectangles are to be 
integral as well as rational, m must be odd. . 

With the help of this formula would be obtained the 
following rational rectangles mentioned in the Sulba: 
(3, 4, 5), (5, 12, 18) and (7, 24, 25). Indeed it will give 
&ll those rational rectangles in which the difference 
between the greater side and the diagonal is 1. 

There are also found other rational rectangles, viz., 
(8, 15, 17) and (12, 85, 87), which could not be obtained. 
from the formula (A). The characteristic of them is 
that the difference between the greater side and the 
diagonal is 2. They could be obtained from the formula 


(2m)? + (m?—1)? = (m*+1)? .. (B) 
which is derivable from (A) by doubling the side of each 


square or from (A) by putting a—2. But they were more 
likely obtained first by observing when the gnomon of two 
square bricks of breadth put round a square, could be 
rearranged in the form of a square. If the original square 
contain 7? bricks, the gnomon will consist of 4n +4 bricks. 


If we suppose that 4n--4 = mê, 
we obtain n = l(m?—4); 


and therefore — n-- 2 = 1(m?-4). 
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It follows that 


m?—4\2 m2 4 4 43 
wap repe 
Substituting 2m for m in this, we easily obtain the 
formula (B). 

Proceeding in the same way they could deduce from 
the general rule for the enlargement of a square, a still 
general formula for finding rational rectangles. It has 
been stated in that rule that the gnomon of n bricks 
depth put round a square of p? bricks will contain 
2pn +p? bricks. Supposing 








2pn +n? = m?, 
we obtain —À (m3 —n?); 
2n 


I 2,42 
= — +n?), 
ptn (m? +n?) 


€j 


It follows that 


mi—n?\2 | yt i838 
m^ ( 2n ) B ( 2n ) i 
or (2mn)? + (m? —n?) = (m? +n?). .. (C) 


where m, n are any two rational integers. 

This formula follows also from the method of the 
transformation of a rectangle into a square, whioh is 
commonly found in all the works on the Sulba. If p, q 
be the length and breadth of the rectangle to be 
transformed, it has been stated that the equivalent 
square will be given by the difference of the two squares 


c5) and (254). Thus 


s 9 + 3 
Pq + (554) ~ (552) i 
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Substituting m?, n? for p, q respectively, we get 
mina (moy c (muy o 


Proclus (450 A.D.) has attributed the formula (A) to 
Pythagoras (c. 540 B.C.), and the formula (B) to Plato 
(c. 875 B.C.). The formula (C) or (C) follows from’ 
Kuclid’s Elements, IL. 6, 

The early Hindus. recognised that fresk rational rec- 
tangles can be derived from a known one by multiplying 
or dividing its sides and diagonal by any rational ‘quantity. 
In other words, they found that if (p, q, r) be a rectangle, 
so that . 

p? +q? = r2, 
then another will be (Ip, lq, lr), where lis any rational 
number, integral or fractional. Apastamba has, indeed, 
derived certain new rational rectangles in the same 
way. He has, however, put the result thus: ! 


If a? 4-89 = 2, 
then (a +na)? - (8--nB)? = (yt ny)?, 
where n is an arbitrary rational number. 


The rational rectangle (15, 86, 89) perhaps deserves 
more than a passing notice. It could of course be derived 
from the rational rectangle (5, 12, 18) by multiplying its 
sides and diagonal by 8. This relation hus, indeed, been 
expressly admitted by Apastamba.? But it was probably 
obtained first independently, thinks Bürk,? as an instance 
of arational rectangle in which the difference between 
the greater side and the diagonal would be 8. This will 
probably account for Baudhayana’s enumerating it 
separately along with (7, 12, 18). The early Hindus, 


1 ApS, v. 34. 
* ApSl, v. 4. 
* ZDMG, LV, p. 671. 
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particularly those belenging to the Apastambs school, 
appear, however, to have special regard for the rational 
rectangle (15, 86, 80). So the method of construeting 
several vedis has been described in the Sulba of this 
school with particular reference to this rectangle. For 
instance, take the case of the Niridhapasubandhe-vedi. 
It is of the shape of an isosceles trapezium whose 
measurements are known from the ancient scriptures 
to be: face=the yoke of a cart (=86 angulis); altitude= 
the pole (=188 angulis) and base=the axle of the cart 
(= 104 angulis).! As regards the process of its con- 
struction, Apastamba says: 

‘This has been described (in connexion with the 
construction of the Saumiki-vedi) by means of one cord. 
Having taken it by the mark at 15, fix the two western 
corners by means of half the axle and the eastern 
corners by means of half the yoke.''? 

Here it is clear that the altitude (—188 angulis) of the - 
vedi is supposed to be divided into 86 parts, so that one 
part will be equal to 5$ angulis. On taking this for a new 
unit of pada or prakrama, in terms of it the altitude of 
the Nirüdhapaéubandha-vedi will contain 86 padas or pra- 
kramas, &So the rational rectangle (15, 86, 389) can be 
applied to construct it, as in the Method I, page 64 
(Fig. 28). The spatial magnitudes of the rational rect- 
angle employed will truly be (784, 188, 2082) in terms 
of the usual unit anguli. But by supposing the unit to 
be one of 5% angulis, Apastamba represents it as 
(15, 86, 39). Similarly in constructing several other 
altars, by & suitable change of the length of the unit of 
linear measure, Ápastamba always represents the sides and 
the diagonal of the rational rectangle employed by (185, 86, 


1 ApSl, vi. 8, 6; ÁpSr, vii. 8. 7 f. 
3 ApSi, vi. 4;. compare Bürk's notes on it, 
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89).1 Actually they are particular cases of the rectangle 
(a, 50/12, 184/12), a being the length of the altitude of 
the ved: under construction. 

Now it will be very naturally asked, why this preferen- 
tial liking for the particular rational rectangle (15, 36, 
89), on the part of Apastamba? The true answer will 
be not simply because, as Burk seems to think, that 
the construction of the most important vedi, namely the 
Mahávedi or the Saumiki-vedi, depended on it. For 
Apastamba has described ‘as many as four methods for 
the construction of the same vedi. But also because 
ib was employed in the most ancient method of 
constructing the Mahdvedi and so had acquired & special 
sanctity by a long scriptural tradition. We have also 
seen the similar orthodox predilection of Apastamba for 
the primitive methods of high scriptural antiquity in the 
matter of the construction of the Caturasra-syenacit by 
means of the bamboo-rod. 

Now tracing the early history of the rational rectangle 
(15, 86, 89), we find it first in the  Taittiriya 
Samhita (c. 8000 B.C.)? in connexion with the Mahdvedi. 
It has then reappeared in the  Küthaka  Samhitá,? 
Maitrdyani Samhita,* Kapisthala Samhitd,> and Sata- 
patha Bradhmana.® It should perhaps be noted that in 
these works only the sides (15, 360) have been expressly 
mentioned, but not the diagonal 89. This non-mention 
of the diagonal has led some modern writers to suspect if 
the property 16?--36?—89? was at all known in the time 


1 ApS, vi, 6-8. 

3 TS, vi. 9. 4. b. 

3 KES, xxv. 4. 

4 MaiS, iii, 8. 4. 

5 KapS, xxxviii. 6. 

6 SBr, iii. 5. 1. 18. ; x. 2. 3, 4. 
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of the Samhita and  Bráhmana.! But such a suspicion 
seems to be quite unwarranted. For even in later times 
Baudhayana has not mentioned the diagonal of the ration- 
al rectangles enumerated by him. From a thorough 
discussion of the point, Birk concludes:  ''After all these 
no doubt can exist regarding the fact that the rational 
' right-angled triangle with perpendicular sides 15 and 86 
was really known in the time of the Tatttiriya Samhita 
and the Satapatha Brahmana and was employed in the 
construction of the Saumiki-vedi .as in the Apastamba 
Sulba Sütra v. 1 and 2.” ? Such was also the opinion of 
Cantor.? Their conclusion will be further corroborated by 
what has been shown just above about the special sanctity 
acquired by this rational rectangle amongst the followers 
of the Apastamba school. Our interpretation of the 
word jüeyübhih occurring at the end of Apastamba’s 
enunciation of the theorem of the square of the diagonal 
of a rectangle (pp. 182 f ) also will lead one strongly to the 
same conclusion. 


1 For instance, see Keith, Journ. Roy. Asiat. oo., 1909, pp. 590 f.; 
1810, pp. 519 f. 

1 ZDMG, LV; pp. 555 f. 

3 Cantor, Geschiohte, I, pp. 598 ff. 
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CHAPTER XI 
SquARING THE CIRCLE 
To transform a square into a circle. 


Baudhà&yana says: 

'* Tf you wish to circle a square, draw half its diagonal 
about the centre towards the east-west line ; then de- 
acribe a circle together with the one-third of that which 
lies outside (the square).’’ ! 

The same method has been taught also by Apastamba ? 
and Kátyüyana.? 





Let ABCD be & square and O its central point. Join 
OA. With centre O and radius OA describe & circle in- 
tersecting the east-west line HW at E. Divide EM at P 
such that PM — EMÍ3. Then with centre O and radius 


lf weg] aed fatter sary aaaf wer 
ay adie ward afaa 1 "—B51, 1. 56. 

“ape ep fara wiegt aurem aria, uaaa- 
adiaa ww aed afta 1 afte away) araytaa array | ?"— 
ApS, iii, 2. 

3 KSI, iii. 18. 
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OP describe a circle. This circle will be nearly equal in 
area to the given square ABCD. 

Let 2a denote a side of the given square and r the 
radius of the circle equivalent to it; that is, AB=2a. 
OP=r, Then 

OA = av2, 


and ME = (v2 — 1ja. 


Hence r=at z (^2 — 1) 


a 
= — (2 +72). 
= (2 + v2) 


Now according to the Sulba,! 


1 1 1 
A/9 — HN. NEM NETT eae ee 
2= i+ t ga Bud 
BT? 
^ 408 ’ 
= 1°4142156... 


Therefore r = a x 1:1880718... 


The ares of the transformed circle, employing the value 
7—9-14169, will be 4-068987 xa? whereas the area of the 
given square is 4a?. Hence the former result is too large. 
On the degree of equivalence of the area of tbe given 
square and of the circle into which it is transformed by 
the above rule, there is a noteworthy observation of Apas- 
tambas. He remarks, 


sénitya mandalam :yàvaddhiyate tüvadágantu.? 
According to the commentator Kapardisvami, the frst 
word of thia passage is a conjoint compound of the two 


! Figo infra, p. 188. 
3 ips, iii, 2. 
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words sä and anityd. So that the above should be ren. 
dered as, ‘‘ It is an inexact (anityd) (method of construc- 
tion) ; by as much the circle falls short, so much comes 
in." He has been followed in this respect by Sundararaja. 
But the commentator Karavindasvimi thinks that the 
correct reading of the passage will be ea nitya mandalam,' 
etc. According to this reading, the observation appears 
to imply that the method of construction is an exact 
(nityd) one. But this commentator further thinks that 
the method has been called ‘‘ exact ’’ in a relative sense 
inasmuch as it yields a result more accurate than that 
obtained by any other method of circling the square 
known in the Apastamba school. So he too finally comes 
to the same point of view as that Kapardisvimi and 
Sundarariaja, 

Thibaut accepts as correct the reading of the text as 
given by Karavindasvümi but has discarded his further 
explanation of the matter. So he renders the passage as: 
‘* this line gives a circle exactly as large as the square ; 
for as much as there is cut off from the square (vis., the 
corners of the square), quite as much is added to it (vis., 
the segments of the circle, lying outside the square).’’! 
Birk has closely followed Thibaut in this respect. The 
interpretation of Kapardisvimi has been criticised by 
Thibaut thus: ‘' But I am afraid we should not be justi- 
fiedin giving to Ápastamba the benefit of this explanation. 
The words ‘ yavaddhiyate, etc.’ seem to indicate that he 
was perfectly satisfied with the accuracy of his method and 
nob superior, in this point, to so many circle-squarers of 
later times. The commentator who, with the mathemati- 
cal knowledge of his time, knew that the rule was an im- 
perfect one, preferred very naturally the interpretation 


1 Thibaut, Sulbasutra£, p. 28. 
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which was more creditable to his author.’’! Kapardisvümi 
explains that the remark ydvaddhiyate, ete., implies only 
a nearer approximation but not exact equality. 


Now it may be pointed out that a similar remark, viz., 
esdnityé caturasra-karani 


has been made by Apastamba as regards his method for 
squaring the circle and which has been delivered by him 
immediately following the above one.? The same remark 
is found also in the corresponding rule of Baudhüyana.? 
Here Thibaut entirely agrees with the commentators in 
breaking up the first word esdnityd into esd anitya. But 
Birk falls out from him and takes the reading to be esd 
nity caturasra-karani. Thus he has kept up the consis- 
tency of his opinion. 

It is truly very difficult to conjecture now correctly 
what was really implied by Apastamba by that remark, 
whether he held that method of circling a square was an 
exact or an inexact one. We may be, however, sure to this 
exent thas the interpretation of the orthodox commenta- 
tors cannot be brushed aside as unlikely as is supposed by 
Thibaut. 


To transform a circle into a square, 
Baudhiayana says: 


'* Tf you wish to square a circle, divide its diameter 
into eight parts ; then divide one part into twenty-nine 
parts and leave out twenty-eight of these ; and also the 
sixth part (of the preceding sub-division) less the eighth 
part (of the last).’’ * 


1 Ibid, p. 27. 

3 Áp$l, iii. 8. 

3$ BSI, i. 60. 

tagi agra’ fenar ani Sem AERA Ae Pars. 
efiam tana «t aaraa 1 ”?—BST, i, 59. 
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Thus if 2a denote the side of a square equivalent to 
a circle of diameter d, then 


ies )t| 
ELE - 125 ::3 - amis) 


d 
ded 
oF du 8 + gg 839 5 aie 


Since d = 2r, where r is the radius of the circle, 
T T T T 
"78 "EX ^ 8396 * 639.68 
This result was probably obtained from the previous 
one by inversion 


a = f ~ 


r= (2442) 
8 
Therefore 2a = Cm d 
2-9 7 
Substituting the value of ^/2, viz., 577/408, we have 
l .. 1924 
2a = 1898 7 


Thibaut supposes that Baudháyana then proceeded in 
the following way:  ''One-eighth of 1898 = 174} ; this 
multiplied by 7 = 12185. Difference between 1218% and 
1224 = 5l. Dividing 174 (Baudhayane takes 174 in- 
stead of 174], neglecting the fraction as either insignificant 
or, more likely, as inconvenient) by 29 we get 6; sub- 
tracting from 6 its sixth part we get 5 and adding to this 
the eighth part of the sixth part of six, we getbb5l. In — 
other words: 


7, 1 1 1- 
124 = 5 + 839 — 830.6 * agoa ^^ 18. 


(due allowance made for the neglected 4 )."’ 1 


1 Thibaut, Sulbastitras, p. 28. 
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In the opinion of Cantor the series was probably 
obtained thus :! 


1224 Tp tn ti CE -~_a M 

1393 8 8.29 8.29.0 8.29.6.8 8.29.6.8.1898 

The last term is nearly 5} of the term preceding it and 
so may be neglected as being comparatively small. 


Hence, we get 


7d d d d 
20 = + —— te a ee 
8 * &sv ^ 839.0 t &39.68 
Müller conjectures the procedure adopted to have f 


been as follows :? 


PCM NE TS 8 4/2 d 939 P" 


2-49 249492 2'14 42 








d, 


_8 17-1/84 _ 51—8/84 
2' 20-I/84  58—2/84 


17 i 





Ad usu cues ON 
since 12 19:84 OW 
51—-3/34  , | 741/84 
58—2/84 58 —2/84" 








2—10/84 — 2—10/84 _ A (a - Wises —2/54.99. 
58 — 2/84 TA 2—9]84.29 29 —92/84.99 ; 
10/84—2/84.90- _ 5—1/29 I 30—6/29 
2—2/84.29 34—1/20 6” 84—1/29 





= lf q £+5/29 
6 ( —1/29 


1 Cantor, Geschichte, I ,p. 648. 
2 C. Muller, lec. cit., pp. 187 f. 
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4+5/20 1  82440/20 _1 ( j — 2741/29 ) 
8" (8 


34—1/29 34—1/[90 8 34— 1/29 


Thus we have 
EE —s 
24 VÀ 8 8.99 899 Mà 68/' 
21 2—41/99 
8.99.6.8 ' B4— 1/99" 


| The last term may be neglected as being too small, 
» Hence 


o; d d d (1- 1) 
MU MESI ME 899 V6 | 687/- 


Alternative Method, 


Another, method of squaring a circle has been taught 
by Baudhiyana, Apastamba and Katyayana. It has 
been expheitly admitted by all of. them that this method 
yields only a gross (anityd) value. 

‘ Or else divide (the diameter) into fifteen parts and 
remove two (of them). This is the gross (value of a) side 
of the (equivalent) square."'! 

That is to say, | 


2 
2a = d — ig d, 
2 
Or, G =r gr. 


The rationale of this formula seems to be this:2 Draw 
the square ABCD circumscribing the circle and also the 
square Á'B'C'D' inscribed within it. 


1 BSI,i 69. See also ApSI, iii. 8; KSI, iii. 14. 
2 Compare Muller, loc. cit., p. 182, 
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Fig 75 


Then apparently the area of the circle will be smaller 
than the area of the square ABCD ( = 47?) and greater 
than the area of the square A'B/C'D! ( = 2r?) ; that is 


4r? > Area of the circle > 2r?, 


An obvious approximation will be 


9 9 
Area of the circle = IT = 872, 


If .2a denote a side of the square equivalent in area to 
the circle, we shall have approximately 


4a? = 8r?, 
a8 
on a= gr 
But, it will be shown later on! 
2 1 26 


up to the second order of approximation. Therefore 


= oe = 
eae Ful ae Du ge 


1 Infra, p. 195. 
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Dvürakandtha's Corrections. 


Dvàrakanütha Yajvü has criticised with the help of 
specific examples the Sulba method of squuring a circle 
and its converse, a8 yielding only approximate results. He 
has then proposed the following corrections to the ancient 
formulae: + | 


^ 


"T eo 

(0 :r = fa + 3 (/9 — h(a 118 ) 

. od d d (1 1 

(ti) u={d- 5 +m + am aen) } 


a | 1. 3 
: (153785 ) 


_ By the formula (i) the area of the transformed circle 
will be nearly equal to 4-000944 x a?, the value of z being 
taken to be 814159. 

Value of ay 

The above rules of the Sulba for squaring s circle ana 
vice versé, will work ou$ the following values of x: 


e 


4 
(1) T = up d i rie à = 30883... 
fa + 5 (42 -— vt 
m E DM NT IM TN 
Q z= a ( 1-8 +85 856 * 8396) 
"x 83-0886 


(3) x = 4(1 — 44)? = 8-004. 


I; will be noticed that none of these values sro foirly 
accurate, as according to modern calculation r==8-14159... 


1 Paggit, On8., Vol. X, p. 21. 
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In one instance Beudh&yana! has employed the value 
Of r=8. <A better value of x is found in the Ménava 
Sulba, which states that a square of two by two oubits 
is equivalent to a circle of radius 1 cubit and 3 angulis. 
Whence f 
p (4) « = 4(8)* = 8-16049 

This value was given before by the Egyptian Ahmes 
fe. 1500 B.C.). With Dvérakenatha’s corrections we 
have 


4 118 \2 
eae ME i ) = 8141109... 





= 8-157901... 


Early History. 


It will be interesting to know the early history of the 
problem of the squaring of the circle and of its converse, 
the circling of the square, in India. Their origin dates, 
as has béen noted before, earlier than the time of the 
Rg-veda~(before 8000 B.C.). That was in connection 
with the construction of the three primarily essential 
sacrificial altars of the Vedic Hindus, namely the Garha- 
patya, Ahavaniya and  Daksinügni. For these three 
altars had to be of the same area but of different shape, 
the first circular, the second sauare and the last semi. 
circular. Again, it has also been noted before, that 


1 "aquraer. marea.» fareuicarerts ganda 17— 51, i, 112-3. 
! Masi, i. 27. 
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Gdrhapatya altar may have, according to certain 
authorities, an alternative shape of a square, besides its 
usual circular shape, but retaining the same area. The 
earliest express reference to this tradition is found in 
the Satapatha Bradhmana (c. 2000 B.C.).! It appears 
copiously in the Sūtra works. From the latter we also 
learn of another ancient tradition that the Dhisnya? may 
be square or circular in shape but with the same area 
one square pisila. The form of an archaic variety of the 
Smaáüna-cit (‘‘ Fire-altar of the shape of the cemetery ’’) 
is Stated to be circular, according to some peoples and 
` square according to others. As regards its size. the 
Satapatha Brühmana, after referring to the earlier opinions, 
_pfeferably approves of an area of one square purusa.* 
Further instances of the early applications of the above 
problems are found in the T'aittiriya and other Samhita (c. 
8000 B.C.)5 in connexion with the construction of Ratha- 
cakra-cit, Samuhya-cit, Paricdyya-cit and Drona-cit (alter- 
native shape). In each of these cases, one has to draw 
ab first a square equal in area to that of the primitive 
. Syena-cit, viz., 74 square purusas and then that square 
has to be circled. This has been clearly described by 
Baudhayana’ and Apastamba® and it was doubtless so 


^ x r] 


| Br, vii. 1. 1. 87. 

! -BSI, ii. 01-8; ApSr, xvi. 14. 1; ApSl, vii, 5-6. 

3 BSI, ii. 78; ApSr, xvii. 21. 5; ApSl, vi. 19-8; compere also 
BSr, vi. 96. 99. À : 

t SBr, xii. 8. 1. 58. 

6 TS, v. 6. 4. 11. 9. 

$. In ease"of the Droya-crt, one-tenth of the transformed square 
is first deducted and.the remaining rectangular -portion 1s transformed 
again into & square and then circled. 

7 BSr, xvn. 29; BSI, iii. 183. 

8 ApSl, xii. 12, 


o 
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before.! We occasionally meet with other instances of 


- this kind in the earlier Hindu .works.? 


Birk has observed: ‘‘ I shall only emphasize the fact 
that the Indians must have: understood really in the 
time of the Tattitriya Samhita, how to solve the problem 
of the circling of the aquare (although. on very primitive 
methods). o8 


ri C s 
E x * ds 


.1 QOompare also Burk, ZDMG, LV, p. 548. 
- 4 ApSr, xvi. 4. 7. - 
3 ZDMG, LV, p. 648. 


CHAPTER XII 
SIMILAR FIGURES 


It has been observed before that in the sacrificie! 
rituals of the early Hindus it is oftentimes necessary to 
construct an altar differing in ares from another by a 
specified amount. For instance, the Suutrdmantki-vedi is 
stated to be equal to one-third of the Mahavedi * and the 
vedi of the Aévamedha double the latter. The Laksa- 
homa-vedi and Kotihoma-vedi are respectively four and 
twenty-five times the Pákayajniki-vedi. Again itis said 
that the primitive Fire-altar, Caturaara-áyenacit, should 
have an area of seven and a half square purusas ab the 
time of the first construction, At the second construction 
its area shall have to be 84 square purusas; at the third 94 
square purusas. In the same manner the area of the Agni 
should be increased by one square purusa af cach succes- 
sive construction up to 1014 square purusas. The earliest 
reference to this mode of increment of the Agni, as has 
been stated before, is found in the Sa‘apatia Brühmana.* 
And the practice continued during the succeeding 
ages, Now it is the strict injunction of the Sruti, 
that the primitive shape of the Fire-altar must not be 
disturbed during the course of successive constructions. 


BSI, 1. 85 ; dpSl, v. 8, 9; HSr, xix. 2.2; KSI, xi. 19. 

ÀApSl, v. 10; ApSr, xx. 9.1. 

MasSi, ii 6. 

SBr, x. 2. 3. 6 1f. 

BSI, ii. 1 f. ; ApSr, xvi. 17. 15. 16; ApS, viii. 8, 4; Kl, v. 1 ff. 

Compare what Apastamba remarks: ‘‘A change in the form of 
the Agnt would be against the injunction of the Sruit."’ (Apgl, vin. 6.) 
According to Satapatha Brahmana, those who deprive the Agn: of its 
due proportions, will suffer the worse for sacrificing (x. 2. 8. 7). 


a C^ m GW BM PS 
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Consequently in the science of the wltar-construction 
there arose the necessity of constructing similar figures. 

Now the shape of the Mahavedi is that of an isosceles 
trapezium whose altitude is 86 prakrama (or pada), face 
24 prak rama (or pada) and base 30 prakrama (or peda). 
Hence the Sautrüámaniki-vodi and the vedi of Aévamedha 
will be of the shapes of isosceles trapeziums similar to it 
but in size one-third and double of it respectively. Thus 
we have the two following propositions: 


(i) To construct an tsosceles trapezium similar toa given 
isosceles trapezium but with a third part of ita area. 


Construct an isosceles trapezium, says Apastamba, in 
the same way as the given isosceles trapezium (Mahàvedi) 
but '' with 1/./ 3 of a prakrama being substituted for .a 
prakrama therein; or with 8 and 10 times 4/8 as the trans- 
verse sides and 12 times 4/8 as the east-west line.''! 
This will be the required isosceles trapezium (Sautrümani- 
ki-vedi). 

For the area, of the constructed figure 


| 86 et 30 
= “Ve *o\ Ve * yg ^ 
1 


x18 x54 = 824 square purusas ; 


i 


8 
or = 12/8 xi (v8 + 10/38), 
= 824 square purusas. 


Thus if is equal to one-third of the area of the given 
isosceles trapezium, which comp ses 072 square purusas. 
The same construction is suggested also by Káty&yana.? 


1 ApSi, v. 8, 
3 KS, ii. 19. 


154 SIMILAR FIRE-ALTARS 


(ii) To construct an isosceles trapezium similar to a 
given tsosceles trapestum but with double tts area. 


The method of construction of the new isosceles 
trapezium’ will be the same, says-Apastamba, as that of 
the given isosceles trapezium but here ‘‘ 4/2 of a prakrama 
should be taken in the place of & prakrama therein.''! 
That is aught also by Baudhayana. 2 Then the area 
of the new figure will be 

= 86 2x4 (2472 + 802) square purusas, 
= 1044 square purusas, 


Hence it 18 double the size ‘of the given trapezium (Maha- 
vedi). 

It i is thus clear that the principle underlying the early 
Hindu method of construction of an isosceles trapezium 
similar to a given one but of n times the size of it, n 
being' integral or fractional, is practically the same as that 
of the given one, only the unit of measurement of the 
latter being replaced by another ~n times it.2 This 
principle they adopted systematically for the construc- 
tion of similar figures of more complicated shapes, even 
when the change in the size does not bear a simple relation 
to the size of the given figure. Thus arose the proposition : 


To construct a Fire-altar similar to that of the shape of 
a falcon, but differiny from its primitive area of 74 aquare 
purusas by m square purugaa. 


Baudhayana gives the e solution of this propo- 
sition : 

.'* Divide that which is to be the difference from the» 
: original (given) size of the altar into 15 equal parts; add 


1 ApS, vi. ]» . ` 
2 Bsr š xxvi« 10. 
3 Compare-BSr, x. 19. 
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| to each of the (constituent) portions (vidha, that is, units) 
of the given figure two of these parts. Then construct 
a figure (in the same way as the given one) with 7d of 
these (altered) units.’’} 

The geometrical operations to be followed in this 
method of construction are shortly these:? At first 
is drawn a square of an area equalto m square purusas. 
It is then divided mto 15 equal parts. This may be done 
either by dividing one side of the square into 15 equal 
parts and then drawing lines parallel to the perpendicular 
sides, or by dividing one side‘into 3 parts and a perpendi- 
cular side into 5 parts and then drawing parallels. Two 
of the rectangular portions are then combined into a 
square and to that is again added a unit square purusa so 
as to form a third square. A side of this resulting square 
wil be easily found to be “1+ 2m/15 purusas long. 
With this length as the unit, construct an altar in the 
same way as the original falcon-shaped altar. This will 
be the required figure. For its area will be 


2m 
74x(2 +42) ( 74+ m) 
square purugas and its shape will be clearly similar to 


that of the given figure. 
A similar method is taught briels by Ápastamba: 


'* For the eight- and other-fold Agnis, that by which it 
differs from the area of the seven-fold (Agni), should be 
divided seven (and a half) ; then one part should be 
added to each (original) puruss.'' ? 

« Por the purpose of adding parts (in puruga) to the 
(seven-fold) Agni together with its wings and fail, take 


1 BSI, i. 12. 
3 Compare also Thibant’s notes on the above. 
5 ApSl, viii. 6. 
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for the (new) purusa, the (original) purusa increased’ by 
the seventh-fold producer of the increment. Then con- 
strunt fin the same way as before).’’ ! 

Tte method has been explained more fully by 
nod 024. His procedure is, however, slightly different 
from that of other writers, Kiatyiyans says: 


‘‘ For the purpose of adding a square purusa ‘(to the 
original faleon-shaped Agni), construct a square equivalent 
fin area) to the original Agni together with its wings and 
tail; add to ıt a square of one purusa. Divide the sum (i.c.* 
the resulting square) into fiftcen parts and combine two 
of these parts into a square. This will be the (new) unit 
of square purusa (for the construction of the required 
enlarged figure)."" ? 

In other words the enlarged square unit is 


2( m +1) or Du 


Or the new increased unit will be obtained thus, says 
Katyayana : 

' Divide a square of one purusa into five parts both 
ways (by lines drawn cross-wise); combine five of the 
resulting elementary parts into & square; subtract from 
the sum one-third of it;'addthe remainder to one square 
purusa, This is another method (of determining the 
enlarged square unit).”’ ? 


1 Ibid,ix. 6. Note the difference between the commentators an4 
Burk about the correct interpretation of these two rules of Apsatambs. 
I think on the whole the orthodox interpretation to be more feir and 
consistent with the intention of the Éruti. For any other interpretation 
would disturb the similarity of the altar at successive constructions 
which is expressly forbidden. 

? KSI, v. 4. 

$ KSI, v. 6. 
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That is, the a a unit is 


1+(=- 3 Bx zu) as ZI 


square purusas. He gives a still third dinde 

' Or divide a square of one purusa into seven parts 
both ways (by lines drawn eross-wise); combine seven of 
the (resulting elementary) parts into a rectangle, subtract 
from the sum (a rectangle) 1} angulis by one purusa. 
Add the remainder to one square purusa. This is another 
method." 1 


Thus it follows that the increased square unit will be 


7 
1+ (uix d Or 1+5 
square purusas, as before. 

If the number of square purusas (m) to be added to 
the original area of the Agni (73 square purusas), be an 
exact multiple: or submultiple of it, the geometrical 
operations ate much simplified. Forif m=nx7%, where 
n may be integral as well as fractional, then the length 
of the new unit will be easily obtained to be equal to 
V1+n puruse. Thus it is the (1+n)th karani of a purusa, 
as has been stated by all the Sulbakaras. 

This kind of increment is called sarvübhyása (or '' the 
increment by the whole '") in contradistinction to the 
other which is called purusdbhydsa (or ‘‘ the increment 
by purusa '').? 


oe 


1 KSI, v. 8. 

2 KSI v. 2, 8. These terme are sometimes used also in a different 
genge. According to it the first term signifids the increment of all 
tbe parts of the Agnt and the second only that of the complete purogas 
in the body, wings and tha sail, but net the two aratnis and the prädesa 
(ApSl, xxi. 7, 10; KSI, v. 4). 
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The above principle of the enlargement of a Vedi or 
an Agni by increasing the length of the unit of measure 
but without altering the numbers representing the 
spatial magnitudes, so as to keep the form similar to 
the original one, is found as early as the Satapatha 
Brahmana (c. 2000 B.C.). It says, ''as large as the 
Agni (is to be made), so large (should be made) its units 
of measure; and by so muoh one measures ib in the 
same way (as before). ' To construct a Vedi 14 or 
14$ times as large as the Mahdvedi, and which will be 
similar to it, this Brdhmane says: 

'" As much this vedi of the seven-fold Fire-altar is, 
making fourteen times, so much, one measures the vedi 
of 101-fold. " Or then he measures (by means of) a cord 36 
prakramas long ; folds it into 7 equal parts; of these three 
parts he adds to the east-west line and throws out 4. Then 
he measures 80 prakramas; folds them into 7 equal parts; 
of these three parts he adds to the hind (transverse line) 
and throws out 4. Then he measures 24 prakramas; 
folds them into 7 parts; of these 8 parts he adds to the 
front (transverse line) and throws off 4. This, then, is 
the alternative measurement of the (enlarged) Vedi." ? 

Here two methods are to be discerned. According to 
one, it is required to construct a vedi 14 times as much 
while according to the other 14# times as much.* The 
operations implied are doubtless as follows:* The altar- 


1 §Br, x. 9.1.3, 11. 

3 [bid, x. 2. 8. 7-10. 

3 That is, the Mahavedi on which the primitive Fire-altar is raised, 
g enlarged in proportion to the size of the latter. Now there are two 
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builder should at first construct & square of sides 86 
prakramas each. Fourteen such squares should be com- 
bined into a large square. A side of the resulting 
square, which is clearly equal to 864/14 prakramas, 
is taken for the east-west line. Or otherwise a smaller 
square should be divided into the 7 equal rectangular 
portions by drawing lines parallel to a side of the 
square ; the rectangle comprising’ three of these 
strips should be transformed into a square and 
then combined with the former larger square. A side of 
the resulting square, which will be easily recognised to be 
equal to 884/143 prakramas, is taken for the east-west 
line of the enlarged vedi to be constructed. By the same 
kind, of operations, the face of the new vedi is obtained 
to be 244/143 prakramas and its base 80/149 . So that 
the size of the new vedi will be 142 times thak of the 
Mahàvedi and its shape similar to that of the latter. 


The following method has been taught for the con- 
struction of a falcon-shaped Fire-altar, 14 or 14} times | 
^ 88 large as the primitive one and similar to- it. 


" Now the construction of (the enlarged forms of) the 
Agni: Twenty-eight (square) purusas are in front and ' 
twenty-eight (square) purusas behind; this is the body 
(of the Agni). Fourteen (square) purusas form the 
southern wing; fourteen the northern wing and fourteen 
the tail. Fourteen aratnis (meaning, a length equal to the 

side of a square comprising fourteen square aratnis (i.e., 
EAr: aratnis) is added to the southern wing; fourteen arat- 
nis to the northern wing; and fourteen vitastis (meaning, 
a length equal to the side of & square of fourteen square 
vitastis,i.e., “14 vitastis) to tho tajl. This is the measure- 
ment of (the Agni of) 98 square purusas ‘with a little excess 
(due to the increment. of the wings and the tail). Or again 


x 
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he measures (by means of) a cord three purusas; folds it 
into seven (equal) parts; of them four parts he adds to the 
body and three to the wings and tail. Then he measures 
an aratni; folds it into seven parts; of them three parts he 
adds to the southern wing, threc to the northern wing 
and throws off one.! Then he measures a vitasti; folds 
it into seven parts; of them three parts he adds to the 
tail and throws out four. Thus is constructed the 101-fold 
(Agni) and it corresponde with the wed: of this.” ? 


The geometrical operations intended to be performed 
in this case are similar to those indicated in the previous 
esse. Here also are to be discerned two methods for the 
construction of the Ekaáata-vidha Agni or the Fire-altar 
of 1013 square purusas. According to the first method 
each unit of measure is 4/14 times the unit of measure 
employed in the construction of the primitive Fire-altar 
of 74 square purusas, while acem ding to the other, prob- 
ably the more ancient one, it will be y 143 times. Though 
the principle of similamty of shapes is perfectly mam- 
tamed in either methods, as regards the size, they of 
course yield only approximate results. For 7]x14-— 105 
square purusas ; 74x 14?=108,%, square purusas. The 
rationale of these resulis we shall indicate in the 
next chapter. We should but note here that as 
the second method? yields a result more deviating from 
the correct and desired one, vis., 101} square purusas, its 


1 The printed text has catura meaning “‘four’’ It is obviously 
wrong. So I have amended it to '' one." 

3 SBr, x. 2. 8. 11-14. Eggeling’s rendering 18 erroneous. 

? The second method seems to bave been meant in the beginning 
for an enlargement on the second plan, to be explained shortly. So 
thab it js only by mistake thabit was employed for the enlargement 
on the first plan. 
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correctness was Challenged even before the time of the 
Satapatha Brühmana (c. 2000 B.C.). 

" .'' Ag to this they say, ‘as seven! (square) purusas have 
exceeded, how is it that they dô not deviate from the. 
right total (sampad, which the altar ought to have).' ’” - 

. The change of the representative number is strictly 
forbidden in this work. as that will- disturb the principle 
of similarity of the forms. It observes: ‘ 

* Now some intending to construct subsequent (larger) 
forms (of the Agni), increase (the number of) “these 
prakramas and vy&mas, supposing, ‘ we shall enlarge the 
womb (yont) accordingly.’ One should not do so; for the 
womb ‘does not increase along with the child that has béen 
born; but indeed only as long as the child is within the 
womb, so long does the womb enlarge; and this much 
again is the growth of the child here. "Those who do it in 
that way, certainly do they deprive this Father Prajapati 
of his perfection (sampad; that is, due proportions).’’ ? 

In tue foregoing methods of enlargement of the original 
size of an altar, it will be observed, all the constituent 
parts of it receive increments in equal proportions. . But 
sometimes an altar, particularly the falcon-shaped one, 
is enlarged on ah Weine different m According to 


1 The printed text hos — ÓÁ or" thirteen." It. seems to be 
a mistake. For it was intended to construct a Fire-altar having an 
area equal to 1014 square parugas, Now the method adopted produces 
one with an area of 108; square purusas. Sol084, — 1013 or 6$ 
aguare.purugas are in exceas. In round numbers this might be stated 
as equal to 7 square purugsa. But “ thirteen " cannot be justified. 
Bo I think that here again the text should be smended to sapta or 
“saven.” 

! §Br, x. 2.9. 6-7. In this metaphor, the Agr, as usual, is called 
the Father Praj&pati; his child is the unit of measure employed; and 
the womb is his form and hence the numbers representing the spatial 
relations of that form (cf. SBr, viii. 8.8.12; x. 2.8.8). This passage 
has been referred to in the aphorism vi. 4 of the Kütydyana Sulba, 
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it, certain parts of the altar, such as the complete purusas 
in the body, wings and tail of the falcon, are enlarged 
proportionately, while the rest, the two aratnis and the 
prüdeáa by which the wings end tail were lengthened 
fundamentally, are left unaffected. This plan of enlarge- 
ment of the faleon-shaped altar has been noticed by all 
the three principal Sulbaküras. It is particularly advo- 
cated by the tradition of one school as' necessary for the 
altar of the Horse Sacrifice. Other schools, “however, 
follow the general plan of proportionate increment of all 
parts in that case too.! _ 

We have so far considered the construction of figures, 
particularly isosceles trapeziums, similar to a given one 
and differing from it in area by a specified amount. It 
is sometimes also necessary to construct a figure, similar 
to another and having s given side. For instance, the 
Ekádaéini-vedi is stated to be similar to the Mahdvedi 
and is indeed an enlarged form of ii.? It is socalled 
because if must have, according to the injunction of 
the scriptures, eleven (ekddaéa) sacrificial posts (yüpa) 
in front. It is further prescribed that the two^ posts on 
either sides of the middle one must be at a distance of 
one aksa (=104 angulis) and four angulis from it and the 
rest are an aksa distant from esch other. Each post 
has a diameter of one pada. Hence the east side of the 
Kkadaéini-vedi is 10 aksas 11 pacas 8 angulis Jong. Thus 
it is required to construct an isosceles triangle similar to 
the Mahavedi and having its face equal to this length. 
Again, according to Baudhüyana, the shape of the 
Aévamedha-vedi is similar to the Mahavedi and has 21 
yüpas on the east side, that is, has a face of 20 aksas 
21 padas 8 angulis long. 


1 BSI, ii. 8 ff. ; iii. 821-9; ApS?, xxi. 6-103 KSI, v. 7. 
2 BSI, i, 108 ff. 
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The method of construction to be adopted in ‘these 
cases ig indicatéd by Baudhayana thus: 

'" For that (Hkadasini-vedi) take the twenty-fourth 
‘part of 10 aksas 11 padas 8 ahgulis; this will be the 
prakrame and with this (altered unit), the vedi has to be 
constructed (in the same way as the Mahüvedi)."' ! 

“ For the Asvamedha-vedi take the twenty-fourth part 
of 20 aksas 21 padas 8 angulis; this will be the prakrama 
and with this (modified unit), the vedi has to be con- 
structed (in the same way as the Mahdvedi).”’ ? 

The face, base and altitude of the Mahdvedi are given 
respectively to be 24, 80 and 86 prakramas in length. 
Ifa, b,c be the corresponding quantities of a similar 
figure, we shall have 


"a e O OA 


This is equivalent to the change of the ordinary unit to 
a/24 times it, where a is the given length of the face of 
the figure to be constructed. 

A similar method will have to be followed in con- 
structing an isosceles trapezium similar to a given one 
and having a given altitude.? 

These methods are also taught by Kütyüyana.* 

It may be noted that Apastamba’s method of con- 
struction of several altars by employing the rational 
rectangle (15, 86, 89) by successively varying the units, 
is obviously equivalent to the construction of a system 


1 BSI, i. 107; vide also BSr, xxvi. 93, 

3 BSI, i. 108; vide also BSr, xxvi. 10. 

3 BSI, i. 109-10. 

4 KSI, vii. 1-9; compare KSr, viii. 8.22. 
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of rectangles similar to it. Indeed the science of the 
altar-construction requires the drawing .of (a system of) 
similar rectangles, triangles, rhomboids, circles and 
other figures. For the enlargement of altars. of those 


r 


shapes involves it. 


" "Ri , 


CHAPTER XIII t ada Pad 
- ^ GEOMETRICAL ALGEBRA 


The geometrical -constructions described in the pre- 
ceding chapter are of considerable algebraic significance. 
They indeed form the seed of the Hindu geometrical 
algebra whose developed form and influence we notice as 
late as in the Bijaganita of Bhaskara 1I (born 1114 A.D.). 
The first plan of enlargement of a figure in which all the 
constituent parts are affected in equal proportions, leads 
to the quadratic equation of the type 

az? = o, 
The second plan leads to the complete quadratic equation 
az? +b = 0. - 


Let x denote the length of the enlarged unit of purusa 
and m denote the total increment in area. Then, in the 
case of the enlargement of the isosceles trapezium on the 
first plan, we shall have 


Bo x ( see ) = 86 x ( oe )+m, 





or 0792? = 972+m. 


Th f 2 — MN 
erefore x 1+ 979 
Hence a=V1+m/972 ' 


a LI 


If m = 972(n—1), so that the area of the enlarged 
trapezium is n times its original area, we get 


zaman 


as given in the Sulba. The particular cases, when n = 
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14 or 147, are found as early as the Satapatha Brühmana 
(c. 2000 B.C.).! 

For the enlargement of the falcon-shaped Fire-altar 
on the first plan, we get the quadratic equation 


ar x 2x +a} ex(2+2)} + zx ( z+ = lan, 
or Í 22 - To +m, 
Therefore . zr? = 1+ 2m : 
15 
2m 
Hence = i alee 
x a/ + I8 


In particular, when m=94, that is, when the Fire. 


alter has its maximum enlargement permissible under 
the Sulba, we have 


z? = 187- = 14, approximately 


as found in the Satapatha DBrühmana (vide &upra). . 

In the case of the enlargement of the falcon-shapec 
Fire-altar on the second plan, the geometrical operation: 
are equivalent to the solution of the following complete 
quadratic equation: 


2zx2z + 2|zx c 3)) + zx(z-t 4h) = htm. 
or "7z?-4 he = "jm. 


Completing the square on the left hand side, we get 


1 §Br, x. 908.7. Vide supra pp. 168 f. 
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Therefore z= gg ( / 841 112m UT e (0) 


i 60m \ 0 


i] 


2m 


= ]+-——, 
39 


neglecting higher powers of m. Therefore we have 
z? = 14+ ue approximately, ... (2) 


Katyayane says: 

* Or for the second and following constructions, in- 
crease (the usual unit of) the (square) prakrama by itself 
for every seven constructions; so that (at each successive 
construction) take for the prakrama, the original value of 
the prakrama enlarged by its one-seventh.''! 

So that, according to him, the enlarged unit (z?) 
will be 


z? =1+ 7 .. (8) 


whereas a more accurate value has been proved above 
to be 


z? = 1+ at approximately, .. (2.1) 


In particular, when the Fire-alter has its maximum 
enlarged form of 1014 square purusas, we have 


Tb m = 1014 
Bubstituting in (1), we get 


1 DERI 
= l(411889 —1) 
z= x 


1 KSI, vi. 3. 
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3 = 11870 — 2924/11880 
Hence x 78 DX 97 2 ys 
188 
Now ^/11869 = 106 T 3]9 ' approximately, 
Therefore 22 = dios 2 n 
184 106 
19159 
= 14 ied 
* $8104 ' 
i 8 
l4 + Ta ME ` 
19159 
Hence x? = 14 + is approximately ... (4) 


Katyayana gives a nearly equal value, 


g? = 14+ S (5) 
He says: 
'* The side which turns out a square of the area four- 
teen and three-sevenths (square) prakramas will be the 
length of the prakrama for the 101-fold (Fire-altar).'' ! 


It is not at all easy to determine the rationale of 
Katy&yana's formule (8) and (5), whether they were ob- 
tained in the way indicated above by the method of the 
solution of a complete quadratic equation, or in any other 
way. Itis found that there are discrepancies between the 
results calculated by the former method and those found 
in the extant copies of the manuscripts of his works. 
How to explain them? Whether by the crudeness of his 
method of solving the quadratic equation or of the 


l KSI, vi. 9. 
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calculations attendent on it,! if he had at all followed that 
method, or in any other way? Now the discrepancy need 
not be considered very serious in the general case, especi- 
ally if we remember the degree of accuracy that can be 
naturally expected in those early times, or that is 
ordinarily found to have been followed then. Even in 
modern times 7 will be considered to be a very fair 
approximation to 7]. What will appear to be serious is in 
the other case which requires an emendation of the exist- 
ing text in order to explain away the discrepancy with the 
result calculated as above. But, we would remark, that 
by itself should not be considered a very formidable objec- 
tion against our hypothesis as regards the method of 
Kityayans. For those who have dealt with ancient manu 

scripts are quite aware that they doubtless require emenda- 
tions here and there. That discrepancy can be explained 
away much more easily and reasonably by supposing that 
the result (5) was derived from the modified result (8) by 
substituting the value, m = 94, but was not caloulated 
directly from the equation (1) as we have done above. 

It should be noted that the relevant portions of the 
existing manuscripts of the Katyayana Sulba might be 
considered to be qtite correct and his results extremely 
accurate if we follow a certain interpretation of the text. 
Let us suppose that (1) the term ekagata-vidha means 
** the construction (of a Fire-altar having an area) of 101 


1 Jt shonld be noted that the result (4) does not follow, quite con- 
trary to expectations, from the equation (2), on the substitution in the 
latter of the value, m= 94. cs l 


"n 4 x 94 





= 18 = ~ 14, approximately, 


This is too less than the value (6) recorded by Katyayana. That 
is why we started by substituting m=94 in the equation (1), This 
shows that the process of calculstiUn has much to account for. 


22 
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(square purusgs)," and (2) that the area of 101 square 
purusas comprises only the complete purusas in the altar, 
not including the two aratnis and the prádeáa. Then the 
algebraic representation of the second method of enlarge- 
ment of the primitive falcon-shaped Fire-altar will be 


Tz? = T+m. 


Therefore z? = 1+ T 


And in the particular case of the maximum enlarge- 
ment, we shall have 


fa? = 101. 
Hence z* = 14 = 


Thus the results come out exactly to be the same as 
are found in extant M88. According to this interpretation, 
the construction of the enlarged altars does not even in- 
volve the solution of the complete quadratic equation. 

We shall now proceed to examine how far the above 
interpretation can be held to be correct. It should be 
opposed mainly on three grounds: Firstly, the supposed 
interpretation of the term ekaáata-vidha as meaning the 
construction of a Fire-altar of an area of 101 square puru- 
sas is very unusual. Indeed, according to all the Sulba 
and also the Satapatha Brühmana that term must always 
refer to an area of 1014 square purusas. Similarly, it is 
known, that sapta-vidha always refers to 74 square puru- 
sas, agta-vidha to 8] square purusas and so on. Secondly, 
for that interpretation the stipulated area of 101 square 
purusas has been assumed to be comprised of the area of 
the complete purusas in the body, wings and tail of the 
faleon-shaped Fire-altar, in exclusion of the two aratnis 
and the pradega in the latter. Therefore in that case the 
area of the complete altar, all told, will be greater than 
1014 square purusas. But the maximum extent up to 
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which the Fire-altar is sanctioned to be enlarged by 
successive constructions is 1014 panara purusas. Thus 
Baudhiyana expressly remarks: 


“ The first (i.e., when constructed for the first time) 
Fire-altar has an area of seven and a half square purusas. 
The second contains eight and a half ; the third, nine and a 
half. In this way, the addition of one purusa takes place 
at each successive construction up to the ekaé£ata-vidha 
G.e., ‘the construction including an area of 1014 square 
purusas ’). After that, the ckaáata-vidha Agni should be 
repeated (without making any further enlargement of it.) 
Or p the sacrifice Shoni be performed without an 
Agni.”? 

Satapatha Brahmana says: 


“ Some say, 'eka-vidha Agni should be constructed 
first; then by an increment of one (square purusa) suc- 
cessively up to a construction of unlimited size.’ One 
should not do so. The Prajapati (i.c., Agni) was created 
first as sapta-vidha indeed. Proceeding to reconstruct 
himself, he stopped at the ekaégata-vidha (‘a construction 
comprising 101} square purusas’). He who constructs (a 
Fire-altar) smaller than the sapta-vidha, cuts asunder this 
Prajapati: he voluntarily becomes a sinner as one would 
be by destroying or injuring his better Again one who 
constructs (a Fire-altar) exceeding the ekaéata-vidha, he 
proceeds beyond all these (visible Universe), for the Prajà- 
pati is this Universe. Hence one should first construct the 
sapta-vidha and then by the increment of one (square puru- 
sa) in succession up to the ekagata-vidha. But one should 
not construct in excess of the ekaéata-vidha. Thus he 


| BSI, i. 1-7. Compare also ApS!, viii. 8; KSr, xvi. 8.25; KS}, v. 1; 
vi. 4; ApSr, xvi. 17. 15-6. In this last work Apastamba has expressly 
referred to the tradition of the Vajaaaneya school (i.e., to the Satapatha 
Brahmaga) on this point (vide below). 
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neither cuts asunder the Father Prajüpati, nor does Be 
proceed beyond all these (the Universe). ! = ' 

So the above interpretation stands in direct contradic- 
tion with the injunctions of the early scriptures. 

Thirdly, the practice of the mention of an altar by re- 
ference to the area of & part of it, as has been supposed 
for the above interpretation, is unknown in the Sulba and 
earlier literatures of the Hindus. Thibaut once thought 
that such a thing had been implied in a certain rule of 
Baudhāyana. He says, '' But according to the above 
sūtra? and its commentary the Aívamedhika Agni was of 
a different nature. It had to comprise twenty-one puru- 
sas not including the lengthening of the two wings by one 
aratni each and of the tail by one pridesa, so that its 
ātman consisted of twelve square purusas, its wings and 
tail of three purusas each. A proportional increase of 
the two aratnis and the prüdeía would &mount.to 1j 
Square purusas and then the agni would no longer be 'ekg-- 
vinga’ s the éruti demands. Therefore the wings were 
lengthened only by the regular aratni (of 24 angulis) and 
the tail by the regular pradeda - (19 angulis), so that the 
increase of the agni caused thereby remained less than , 
one square purusa and the agni preserved its character of 
ekavimśa:” $ Thibaut has beer followed in this” matter by 
Bürk.* They are clearly in error. For the sūtra they had 
in view says absolutely nothing about the actual size of 
the Aévamedhika Agni. The commentator Dvarakanatha 


1, §Br, x. 9.8. 17-8. 

2 The reference is to the following sütra of the Baudhayana Sulba 
(ui. 821): “ aR: géwrerret ER 1^. 

3 The Pandit, New Series, Vol. I, p. 769 

4 ZDMG, LVI, pp. 865 ff. i 

5 Eggehng was wrong in supposing that ekavimsa Agn means ''an 
altar measuring twenty-one man’s length on each of' the four sides of 
its body.” (SBr, V, p. 884, fu. 2.) 
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Yajvà truly took the area of the Fire-altar to be 214 square 
purusas His use of the trikarani of a purusa in the con- 
struction can be more easily and satisfactorily explained in 
a way different from that supposed by Thibaut and Burk. 

Now as regards the size of the Aévamedhika Agni, 
Katyayana states clearly: ‘‘(It) is twice or thrice (the area 
of) the primitive Agni or twenty-onefold (ekaviméa- 
vidha).’’' Such is also the opinion. of the other Sulba- 
káras.as well as of the Brühmana.? Satapatha Brühmana 
mentions also. of a particular school, according to which 
the total area of the altar should be 12$ square purusas.? 
As regards the method of enlargement of the primi- 
tive faleon-shaped altar of 74 square purusas by 
which we are to. arrive at the construction of the -altar 
for the Horse Sacrifice having the specific area sanctioned 
for it by the seriptures, one school advocates the propor- 
tional enlargement of every part of the construction, while 
another school the similar enlargement of only those parts 
which comprise the complete purusas, excluding the two 
aratnis in the wings and the pr&desá in the tail. For an 
altar with an area of 15 or 224 square purusas enlarged on 
the first plan we shsll have it will be easily found, to 
take the dvikarani or trikarani of & purusa and proceed in 
the same way as in the construction of the primitive Agni. 
For an altar with an area of 214 square purusas enlarged, 
but according to. the second plan, the algebraic equation 
will be 

Tz? +e = 21$. 

1 


heraf = 
Therefore zc 28 


(4/2409 — 1). 


1 K$r, xx. 4:15; KSI, v. 9.8. 

2 BSI, ui. 8 ff. ; iii. 821 ff. ; ApSl, xxr. 6, 9; ApSr, xx. 9.1; SBr, xiii. 
8-8, 7 ff. 

3 SBr, xii. 8.8.9. 
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1 
H ? — 1 (0410 — 2y 24 
ence E: 78i | 0 y 2409) 
= + (2410 — 2x494 ) ibmmoxinately: 
784 49 /' 
= 8 — 12 
2401 


Therefore we may take us a very near approximation 
x? = 8. And that is whet Dvarakanitha Yajvà has done } 
We do not think it to be fair to him to interpret him other- 
wise as Thibaut does. 

For the above reasons we disenrd this latter interpre- 
tation of Katyiyane’s rules and hold that the construction 
of altars enlarged according to the second plan noted 
above and which is used to be followed in & certain school 
of the Brühmuna, does undoubtedly depend preliminarily 
on the solution of the complete quadratic equation, 


az? + ba =c, 


and further that Katyüyana's results were obtained in this 
way. Milhaud is stated to have arrived at the former 
conclusion before.? His article is unfortunately not 
available to me and so I do not know the arguments 
adduced by him. 

It may be noted that the commentator Mahidhuru is 
of no help to us about this knotty point of the enlarge- 
ment of the Fire-altar. According to his interpretation of 


1 We obtain nearly the same result from the equation (2). Fo: 
putting m = 14 (= 215 — 7%) in it, we get 


2 
3 = 8 SS ee — 8, n ] . 
g 59 , nearly 


pes 


3 G. Milhaud, “La Géométrie d'Apastamba.'" Revne génerale des 
Sciences, XXI, 1910, pp. 512-620 ; quoted, by Professor D. E. Smith 
in hia History of Mathematics, Vol. TI, p. 444 fn. 
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Katyaiyana’s rules, the area of the Fire-altar after an incre- 


ment of m square purusas will be 7} x ( 1+ 2) square 


purusas. This interpretation evidently assumes a propor- 
tional enlargement of all the constituent parts of the 
primitive Fire-altar and hence should be discarded as being 
directly against the express intention of the Sulba. Another 
objection against it will be that the area of the Fire- 
altar at the final construction (the ninety-fifth construc- 


tion) according to it will be 74 x ( 1+ Z Jor 108 i square 


purusas and hence much in excess of the maximum 
enlarged area, viz., 1014 square purusas, permissible 
under the Sulba. Weber! informs us that such a 
method of enlargement of the Fire-altar is found in the 
Paddhati of Yajfiikadeva. Its origin seems to be in the 
Satapatha Brühmana.? But it was criticised and chal- 
lenged even then.? I cannot give the opinion of the com- 
mentator Rama on this point as the relevant portion of his 
' commentary is not available to me at present. 


The solution of the quadratic equation in its simpler 
forms is required in connexion with the enlargement of 
altara followed in a different school According to that 
school, we are informed,* the altars with areas 14, 24,... 
64 square pususas should be of the square form. So it 
will then be necessary to construct a square differing 
from another by a specified quantity. Now we find in the 


A. Weber, Indische Studien, XIL, p. 240 f. 
SBr, x. 2. 8. 11-14. 

SBr, x. 2, 3. 15-6. 

B8I, iii. 819. 


we 06 33 — 0 
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Sulba, the following general rule for the i ene of & 
square: 

^. Add on the. two sides (of the given square), those 
(two rectangles) which are described with as much as the 
increment (of the side of the square) and its side; add 
further at the corner, the square which is proqucee by 
that increment. nde ; 


Į 


G 





7 Fig 74. 


Let ABCD be the given square. Suppose its side is 
to be iticreased by the amount BE, say. Add to the sides 
BO and DC two rectangles CE and CG each of which is 
equal to AB.BE. Also add at the corner C, the square 
CF equal to the square on the increment BE of the side 
AB. Then AEFG is the square on the enlarged side AE. 

This is the analogue of the algebraic identity, 


(a+b)? = a? +2ab+b?, 


Now we shall apply this result to enlarge a square of area 
a? by m square purusas, say. If z be the increment of a 
side, then by the above rule 


z? + 2ay = m, 


or z? + Zax + a? = a? 4+ m. 


1 ApSl,in.9. Compere also BSI, iii. 192.4. 
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Therefore «= ^a?--m — a. 


The geometrical method of the transformation of a 
square (c?) into a rectangle having a given side (a), which 
has been described before, is obviously equivalent fo the 
solution of the linear algebraic equation, 


ax = c2, 


CHAPTER XIV 


INDETERMINATE PROBLEMS 


In the Sulba we find the solution of certain very 
interesting indeterminate problems. Some of them follow 
directly from the geometrical constructions made therein; 
others have been tacitly assumed for that purpose. We 
shall here notice the more important ones amongst them. 


Rational Right-angled Triangles. 


The formula of Kátyáyena to find the sum of n equal 
squares of sides a each amounts to 


n-1l 2 gí ^1 2 
sS)? + aa 1) = @ (=H) 


Putting m? for n, in order to make the sides of the right- 
angled triangle free from the radical, and dividing out by 


a? we got 
m?—1\2 m3 +4 \2 


as the solution of the indeterminate equation of the 
second degree 








cz? + y? = 22, (A) 


If the sides of the right-angled triangle are to be inteyral 
as well as rational, m must be odd. According to Proclus 
(o. 450 A.D.), this solution was known to Pythagoras (c. 
540 B.O.). 


A still more general solution of (A) which includes. the 
solution (I) as & particular case. is furnished by the 
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method of transformation of a rectangle into a square. It 


is this: 
——\3 m-n V _ f mtn Y? 
( m) «( à | = ( =i" y. 


where m, n are any two arbitrary numbers. Substituting 
p’, q? for m, m respectively, in order to eliminate the 





irrational quantities, we get 


2092 \3 24.92 \2 

pag? + (? fe (exe y (ID 
A further generalisation has been tacitly assumed in 
some methods employed by Apastamba for the construc- 
tion of the Mahdved:. If the sides of s rational right 
triangle are known, then other rational right triangles oan 
be obtained by multiplying them by any rational integer, 
or how he puts it, by inoreasing them by any rational 
multiples of them. Thus if a, B, y bea rational solution 
of z*-y?-— s*, then other rational solutions of it will be 
given by la, lB, ly where 0 is any rational number. This 
is clearly in evidence in the formula of Katyüyana. It is 
now known that all rational solutions of (A) can be obtain- 

ed without duplication in this way. 


Karavindasvami gives the solution, ! 
z( m t2m \, ( m? 2m 2 E 
"\ 2m ' 2m +2 


It can of course be derived from the solution (I) by 
multiplying by x and dividing by m? every element of it 
and then putting m --1 for m. 


Rational Right Triangles having a Given Leg. 


There seems to have been an attempt to find the 
rational right triangles having a given leg. We find in 


1 Vide hig commentary on ApS}, i. 4. 
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the Sulba at least two such right triangles having a com- - 
mon leg a, viz., 


(a, 8a/4, 50/4) and (a, 54/12, 184/12). 


The principle underlying these solutions will be easily 
detected to be that of the reduction of the sides of any 
rational right triangle in the ratio of the given leg to the 
corresponding side of it. Thus the sides of a rational 
right triangle having a given leg a will be (a, aB/a, ayfa), 
where a, f, y are the sides of any rational right triangle. 
So that starting with the solution (II), we shall find that 
all rational right triangles having the leg a will be given 


by 
2 o Q 9g 
p3 —q? (? +g ) 
a, G, EC woe a. 
( 2pq ) 2pq 


But this general solution is not stated anywhere in the ' 
Sulba, The commentators of Apastamba, however, give 
the solution 


: (Sm. y ( m? -- 2m 4- 9 Ja. 
' \ 2m+2 ' 2m +2 
It should be noted that the above principle for obtain- 
ing the rational right triangles having a given leg has been 
followed expressly in later times in India by Mahavira 
(850) and in Europe by Leonardo Fibonacei of Pisa (1202) 
and Vieta (c. 1580). 





Simultaneous Indeterminate Equations. 


The construction of the vedi gives rise to a type of 
problems of indeterminate character, though in & few cases 
the physical conditions are so prescribed as to make them 
determinate. For instance, the breadth of the Gárhapatya 


1 See Bibhutibhusan Datta, ‘‘ The Origin of Hindu Indeterminate 
Analysis," Archeion, XII (19813, pp. 401-407. 
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vedi shall have to be, according to the tradition-of the 
scriptures, one vyüyáma.! But its form should be square 
according to some and circular according to others.? It 
is to be constructed with five layers of bricks, each layer 
consisting of 21 bricks. Further the rifts of bricks in two 
consecutive layers must not comcide. The shape of the 
bricks employed may be square or rectangular. Now the 
most interesting case is that m which the vedi and also 
the bricks employed in constructing it, are square in shape. 
It is said that three kinds of square bricks should be made 
with the sixth, fourth and third part of a vyéyama as a 
side. The first layer (lı) should be constructed with 9 
bricks of the first kind and 12 bricks of the second kind, 
and the second layer (l) with 5 bricks of the third kind 
and 16 bricks of the first kind.” That is, if we denote the 
bricks of different kinds thus: b; =v?/86, bg = v?/16, b; 
= v*/9, where v denotes a vyayama, then 


1, = 9b, +12b,, l, = 5b,+16b,. 


The third and fifth layers are replica of the first and the 
fourth, of the second. 


Now it may be asked how the ancient altar-builders 
determined the size of the bricks of different kinds and the 
number of bricks of each kind that will be required for the 
construction of each layer. They proceeded probably in 
some way like this: Since 21 is not a square number, no 
layer of the altar can be constructed with bricks of the 
same kind. So the number of kinds of bricks employed in 
any layer must be at least 2. Since no two successive 
layers should have identical cleavage, all the bricks 


1 BST, n. 61; ApSl, vii. 5; compare also ApJs, vii. 10. 
2 BSI, ii. 62-3; ApSl, vii. 8. 
3 BST, ii. 66-9. 
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employed in the second layer must not be the same us 
those of the first layer. Hence the minimum kinds of 
bricks must be 8. Assume then their sides to be p, q and 
rth part ofa vy&yàmae, where p, q, r are rational integers 
to be determined. Suppose the first layer consiste of x 
bricks of the first kind and y bricks of the second kind. 
Then we must have 


. Similarly if the second layer consists of u bricks of the 
third kind and v bricks of the first kind, 


Thus we are led to the | simultaneous indeterminate 
equations 


a y 
m? ne? ? . (A) 
z + y = 21. 


Baudhāyana’s statements about the size of the different 
varieties of bricks and the number of them employed in 
the construction of a particular layer, amount to the 
following solutions of the equations (A) 

m=6,2 = 9, aM = 5. 2 5, 
n —4,y = 12; n = 6, y = 16, 

These solutions were probably obtained by trial in 
succession, thus: Solving (A) as simultaneous linear 
equations in z and y, we get 
... m?(91 —n2) 
^ — m? —y2 
_ n?(m?-—21) 


J m? —5? 
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Now the physical circumstances of the problem are such 
that z and y must be positive integers. Thereforeifm>n 


m? > 31 >n? 
or m > 4921 n. 
Since 5 > /21 > 4 


therefore we must have 
m>i,n « 4. 


Tf on the contrary m < n, we must have 
n* > 21 > m? 
Hence "n >6, m < 4. 


Then substituting in the expression for zone after another 
the values n = 4, 8, 2,1, we can determine by trial the 
value of m which will make the value of z in each case 
integral. Thus we shall easily arrive at the solutions given 
by Baudhayana. 

A much more difficult problem of the same type arises 
in connexion with the construction of the falcon-shaped 
Fire-altar. Its total area is given to be 74 a?, where a=a 
purusa. It is laid down that the. altar must be constructed 
in fire layers and the number of bricks employed in any 
layer must be 200. As before, the rifts of bricks in any two 
successive layers must not coincide. There is no injuno. 
tion of the scriptures about the varieties of the bricks to 
be employed or about their relative size and shape. In one 
method of construction Baudh&yans employs four kinds of 
square bricks whose sides are respectively the fourth, 
fifth, sixth and tenth part of a. Let us take, in general, 
the areas of bricks to be a* /m, a*/n, a*/p, a*/q. If v, y, 
z, u be the number of bricks of each variety respectively 
that sre employed in a layer, the problem amouztts 
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Cad 


algebraically to the solution of the indeterminate equations 


A m ab qp eq i 
m n p q 
Cry +o + — 200. 
Baudhiyana gives two integral solutions of these equations: ! 
(i) m=16, n=25, p=86, q=100 
(il) 2-24, y=120, 2=86, u=20 V 
or 


(B) 


(72) w=12, y=125, 2-08, u=0. 


Since in this method the values of m, n, p, q are perfect 
squares, the shape of all the bricks are square. Baudh& 
yane has described a second method of construction of the 
Ágni in which he employs certain rectangular bricks too. 
These bricks, it may be noted, are easily divisible into 
square shapes. But as that will increase the number 
of bricks employed in the construction of the Agni 
he has refrained from doing so. All those things are, how- 
ever, immaterial for us who look upon his problem from 
the point of view of the solution of algebraic equations. 
Baudhayana’s new solutions of the equations (B) are ? 
(ti) m 2:26, n= 60, p= 50/8, q—100 
(ü-1)  z—160.  y—80, 2=8, u=2 

OT 
(i2) 2=165, y=25, 2=6, u=4 


Apastamba uses square bricks of five different varieties 
for the construction of the same Agni. 5o his problem 
will be represented algebraically by the equations 


ic Wo up «m = 7h, ý 
t+tyt+ts+u+tov = 200; 
1 BSI, iii. 94 ff. 


1 BSI, iii, 41 ff. 
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where m,n, p,q,7T are perfect squares. Apastamba’s 
statement of his method of solution, partly explained in 
detail and partly hinted, is not free from ambiguity. 
Consequently it has been interpreted differently by his 
different commentators leading consequently to several 
solutions. According to Karavindasvami, the two 
solutions of (C) will be 


ym=16, n=25, p=64, g=100, r—144, 


$07,  y-258, 2-40, u-:18, v=9; 
(m-10, "1::25, p=36, q-64, r=100, 


z-12,  yz157, 2:9, wu=0, p22 29. 


To these Kapardisvami adds the solution 
cm=16, n==25, p-80, q-64, r—100, 
(iii) } 
g=10, y=159, 2-0, u=8, v= 14. 
Sundararaja’s interpretation leads to as many as four 
new solutions of (C) 


m=16, m-25, p=86, q = 64, r=100, 


(iv). (v) $ " 
z-'/0, 12; y —45, 157; 29, u 50, 0; v —20, 22; 


71:216, n=25, p=64, q-:100, r=144, 
(vi), wi) § 
x74, TT; y=45, 42; s =52, 40; u= 20, 82; v —9 
He has also added a few more solutions of his own, All 
these show very clearly that the Hindus fully recognised 
the indeterminate character of the above problem of the 
construction of the Fire-altar of the shape of the falcon. 


i ApSl, xi. 1 ff. The text describing one solution is positively faulty 
as bas slao been noticed by all the commentators, Burk failed to detect 
this. He thinks erroneously that the preliminary arrangement for the 

second construction is comprised of 194 bricks, whereas ıt actually 
consists of 198 bricks (pide ZDMG, LVI, p. 368). 
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- Several other indeterminate, problems of the above 
bype present themselves in connexion with the construc- 
tion of the Fire-altars of other shapes. We need not dilate. 
upon them ‘here: It should, however, be noted that the 
actual difficulties .of construction nre much more than ` 
what will appear from the mere algebraic considerations. 
For the bricks will have to be arranged in such a con- 


figuration as to have the prescribed shape of the altar. 
| , = ` 


-— m me o 


CHAPTER XV 
ELEMENTARY TREATMENT OF SuRDS . 


In the Sulba, we find elementary treatment of 
surds, particularly their addition, multiplication and 
rationalization. For the face, base and altitude of the 
Sautri-nrauiki-vedi which is of the shape of an isosceles 
trapezium, are stated, it has been noted before,! to 
be respectively 24/ 4/8, 30/ 4/8 and 86/8 prakramas, or 
to be 84/8, 1048 and 124/8 prakramas. Hence it is 
clear that the ancient Hindus knew that 


24 80 80 

Ja 84/8, Jg = 10 4/8, "3 = 1248. | 
It is also stated in general that if the side of a square be 
a, then the side of the square equal to the third part of 


t will be z (av3 ) or v3(5-):* That is, 


a a ^/8 

49 ^ 8 
Thus it appears that the rationalization of simple surds 
was known at that time. 

The area of the above trapezium is stated to be 824 
square prakramas. Ib must have been caleuluted with 
the help of the rule given in the Sulba for that purpose. 
: So that 

86 1f 24 30 _ 86 54 _ 
73 ^ X JB ' VB )-$ = om 
1273 x $ (BB + 10 8) = 12 x 8 x 9 = 824 


1 Supra, p. 158. f 
2 p$, yu- 3; BSI, i. 47; ESI ii- 16-6; see alsd pp. 74 f. supra. 


v. d M . 


o 
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Again the dimensions of another isosceles trapezium 
(Aévamedhiki-vedi) are stated thus: face=24 v2, base 
=83 /2, altitude=86/2 prakramas and asarea=1944 
square prakramas. That is 


86/2 x $(244/2 + 802) = 1044. 


In the Sulba, a surd is technically called karai. 
Thus dvi-karani-meansV2, tri-karani= 4/8, tpliya-karani 
— /1/8, saptama-karani- 1/7, agtédasa-karani= 4/18, 
etc.) The term was also used in the more general sense of 
a root. For we have at least one instance of its application 
in that sense, e.g., catugkarani-: 4, which is nof a 
Burd.? The Sanskrit word karapi means, '' producer,” 
' that which makes." From that it came to denote 
the sides of a rectilinear geometrical figure of any shape, ? 
and then more particularly, the side of a square. 


Approzimate Value of 4/8. 


Baudhiyans and Apastamba say: 


'' Increase the measure (of which the dvi-karani is to 
be found) by its third part, and again by the fourth part 
(of this third part) less by the thirty-fourth part of itself 
(i.e., of this fourth part). (The value thus obtained is 
called) the savigesa,’’ 4 

Katyayans defines the rule in nearly identical words.“ 
Thus if d be the dvi-karani of a, that is, if d be the side 


1 The references are respectively to ApSl, i. 5, ii. 9,11. 8 ix. 6 
xix. 1. 

2 ApSl, ii. 6. 

3 Bee ApS, 1x. 6; x11. 5, 6, 9; xiii, 1, etc. — - 

4 "sed arti store i ANR afaa —BSLi. 61-2; 
ApSi, i. 6. 

$ Fai adan qüdws emper ofa vf fau; 
—KSl, ii. 18. 


5 
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of a square whose area is double that of the square on a, 
then, according to the rule, 
~ a a a 
a= 04 3+ 54 843i 
Now, it has been stated before, the diagonal of & square is 
its dvi-karani. So this rule gives the relation between the 
diagonal and side of a square. Indeed the above rule is 
particularly meant to define that relation. Thus we get 
1 1 1 
4/9 = Zege E 
à—l*g +34. 8484 . 
In terms of decimal fractions, this works out 4/2 
= 1:4142156.... According to modern calculation 4/2 
= 1:414218.... Thus it is clear that the ancient Hindus 
attained, a very remarkable degree of accuracy in calcu- 
lating an approximate value of 4/2. 


Hypotheses about its Origin. 


One will be naturally interested to know how the value 
of “2 was determined in that early time to such a high 
degree of approximation. Unfortunately the Hindus have 
not left any trace of the method adopted by them for the 
purpose. So it is very difficult to guess it. Thibaut has, 
however, propounded an ingenious hypothesis about it. 
He says: ! 

'* The question arises: how did Baudhayana or Apas- 
tamba or whoever may have the merit of the first investi- 
gation, find this value? Certainly they were not able to 
extract the square root of 2 to six places of decimals; if 
they have been able to do so, they would have arrived at 
still greater degree of accuracy. I suppose that they 
arrived at their result by the following method which 
account for the exact degree of accuracy they reached. 


1 Sulbasutras, pp. 18 ff. 


at 
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'' Endenvouring to discover a squure the side and diago-; 
nal of which might be expressed in integral numbers they 
began by assuming two as the measure of a square’s side. 
Squaring two and doubling the result they got the square 


of the diagonal, in this case=eight. They then tried to ` 


arrange eight, let us say again, eight pebbles, in a square; 
as wé should say they tried to extract the square root of 
eight. Being unsuccessful in this attempt, they tried the 
next number, taking three for the side of a square; but 
eighteen yielded a square root no more than eight had 
done. They proceeded in consequence to four, five, etc. 
' Undoubtédly they arrived soon at the conclusion that 
they would never find exactly what they wanted, and had 
` to be contented with an approximation. The object was 
now to single out a case in, which the number expressing 
the square of the diagona’, approached as closely as pos- 
sible to a real square number. I subjoin a list, in which 


the numbers in the first column, express the side of the - 


squares which they subsequently tried, those in the second 


column the square of the diagonal, thoso in the third the 


nearest square number. | 


1 2 i IL 242 250 
2 8 "9 12 288 289° 
8 18 l 18 888 824 
4 82 86 14 392 400 
6 50 49 16 450 441 
6 2. 64  ; 16 512 6599 
7 ^ 98 100 17 578 516 
8 18 1» . i8 648 625 
9 162 169 19 722 729 


20 800 184. 
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f 
| 
‘* How far the Sütrakürás went in their d we 
are of course unable to say; the list up to twenty suffices 
‘for our purposes. Three.cases occur in which the number 
expressing the square of the diagonal of a square differs 
only by one from a square number; 8—9; 50—49; 

288—989; the last case being most favourable, as it in- 
volves the largest numbers. The diagonal of & square 
the side of which was equal to twelve, Iwas very little 


shorter than seventeen (4/289 = 17). Wobld it then not 
be possible to reduce 17 in such a way ag to render the 
square of the reduced Mimos equal or | almost equal 
to 288? z l 

“ Suppose they drew a square the side of which was 17 
padas Jong, and divided it into 17 x17 = 289 small squares. 
If the side of the square could now be shortened. by so 
much, that its area would contain not 289 but only 288 
such small sauares, then the measure of ithe side would 
be exact measure of the diagonal of the square, the side 
of which is equal to 12 (12? +122 = 288). ‘When the side 
of the square is shortened a little, the consequence is that 
two sides of the square a stripe is cut off ; therefore a 
piece of that length had to be cut off from jthe side that 
the area of the two stripes would be equal to one of the 
289 small squares. -Now, as square i8 composed of 17x17 
squares, one of the two stripes cuts off a part of 17 small 
squares and the other likewise of 17, both together of 34 
and since these 84 cut off pieces are to be equal to one 
of the squares, the length of the piece to jbe cut off the 
side is fixed thereby ; it must be the thirty- fourth part of 
the side of one of the 289 small squares. 

‘‘ The thirty-fourth part of thirty-four /small squares 
being cut off, one whole small square would be cut off and 
the area of the large square reduced exactly to 288 small 
squares ; if it were not for one unavoidable circumstance, 
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The two stripes which are cué off from two sides of the 
square, let us say the east side and the south side, intersect 
or overlap each other in the south-east corner and the 
consequence is, that from the small square in that corner 
1 


TESTE Thence the 


2 2 
not jj ore cut off, but only 54 


error in the determination of the value of the saviáesa. 
When the side of a square was reduced from 17 to 1682 
the area of the square of that reduced side was not 288, 


but 288 + Or putting it in a different way: taking 


1 

04 x 84 
12 for the side of a square, dividing each of the 12 parta 
into 84 parts (altogether 408) and dividing the square into 
the corresponding small squares, we get 408 x 408 = 166404. 
This doubled is 882028. Then taking the savisesha-value 
of 16483 for the diagonal and dividing the square of the 
diagonal into the small squares just described, we get 
577 x 577 = 892929 such small squares. The difference is 
slight enough. 

** The relation of 1633 to 12 was finally generalised into 
the rule: increase a measure by its third, this third by its 
own fourth less the thirty-fourth part of this fourth 





38 12, 12 12 
(16 ap iat et - sia) . The example of 
the savisesa given by commentators is indeed 1692: 12 ; 
the case recommended itself by being the first in which 
the third part of a number and the fourth part of the third 
part were both whole numbers.”’ 

But a more simple and very plausible hypothesis will 
be that the expression for 4/2 was obtained in the follow- 
ing way:! Take two squares whose sides are of unit 


1 For s slightly different but less elegant procedure see Müller, 
p. 178. loc. cit. | 
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length. Divide the second square into three equal strips 





I, II and 1II- Sub-divide the last strip into three small 
squares III}, IlI, III, of sides } each. Then on placing II 
and IIT, about the first square S in the positions IF and 
II, a new square will be formed. Now divide each of the 
portions IIIg and JIT, into four equal strips. Placing four 
and four of them about the square just formed, on its east 
and south sides, say, and introducing a small square at the 
south-east corner, & larger square will be formed, each 
side of which will be. obviously equal to 
1 1 
Now this square is clearly larger than the two original 
2 

squares by an amount ( ii) , the are& of the small 


square introduced at the corner. So to get equiva- 
lence cut off from the either sides of the former 
square two thin strips. If x be the breadth of each thin 
strip, we must have 
i i 1 „na {1 V 
alts + gr) “sa ) 


Whence, neglecting x? as too small, we get 
1 M 34 _ 1 
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Thus we have finally 


1.1 1 
T UNES ERE AEN 
v2=l+7 + 57T mis 


nearly. 


Approximate Value of 4/3. 


By the process indicated above we can easily get an 
approximate value of “8: Inthis ease two of the unit 
squares are divided into six equal strips I, IL,...VI. The 
last two strips are subdivided into six smaller squares of 
sides 1/8 each. Then arranging the ‘slices III, IV, V4, Vs, 
VI,, and VIs, about the first square in the positions IIT’, 
IV’, V4, Va VI^;, VI’g, & new square can be formed. Now 
divide each of the portions left over, vis., Vg and VIz, into 





Fig 76 


five equal parts and place them about the square just 
formed. Then introducing a small square at the corner 
another complete square of sides equal to 


2 1 
Tee ae oe 
T à r 3.5 
each will be formed. But this is clearly too large by the 
amount (gx)?. So forcloser approximation, let the side of 
the new square be diminished by an amount y, such that 


2,1). fA 
a(1+5 sg) = (iz) 
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Hence y = —>——, nearly. 


Thus we get ! 


2 i H 


"Cu RE 
9Scltiztgs &55 


Irrationality of “2. ` 


Did the ancient Hindus recognise the irrationality of 
72? This question does not seem to have troubled 
Thibaut.in any way. For we do not find him to raise it 
explicitly or to attempt to answer it directly. But it is 
clear from his writings that he believed in the Hindu 
knowledge of irrationality of y2. Indeed his theory about 
the discovery of the Hindu approximation to the value of 
/2, which has been quoted in extenso before, is funda- 
mentally based onthe knowledge of the incommensurabi- 
lity of the diagonal of a square with its sides. Thibaut 
supposes that the ancient Hindus endeavoured ‘ to dis- 
cover a square the side and diagonal of which might be ex- 
pressed in integral numbers’ and then observes, ' un- 
doubtedly they arrived soon at the conclusion that they 
would never find exactly what they wanted and had to be 
contented with an approximation.’’ Von Schroeder * and 
Burk ? are more explicitly emphatic. They claim for the 
ancient Hindus the credit for the first discovery of irra- 
tionals. And they have been followed in this respect by 
Garbe, Hopkins and Macdonell.* But this hypothesis has 


1 For a different method of approximating to the value of v8, see 
Muller, loc. cst., pp. 189 f. 

2 Von Schroeder, Pythagoras und die Inder, Leipzig, 1884, pp. 
39.59; compare also Indien Literatur und uim Leipzig, Bn 

3 ZDMG, LV, p. 587. 

4 R. Garbe, Philosophy of Ancient India, pp. 89 t; E. W Hopk 
Religion of India, pp. 550 f. ; A. A. Macdonell, History of Sa 
Literature, p. 422, 
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been criticised and opposed by some modern historians of 
mathematics. ! 


There are two terms which have undoubtedly a great 
bearing on the point under discussion. They are vtsesa 
and savigega. Importance of these terms has not been 
properly realised by previous writers. Thibaut simply ob- 
serves that savisesa is a technical name for the increased 
measure.”  Bürk remarks, ‘‘ The total increase is viéesa 
because it is the ‘ difference ' between the pramana, 1.6., 
the side of the given square and its dvi-karani. Therefore 
this latter is savigega, ‘ with the difference.’ '' 3 | 


In the Sulba, the calculated value of the diagonal of a 
square is technically called the savisega of its side. Or 
aymbolically,* | 


Savié fas = a QM 
avisesa Of a EM 4 54 34.34 


Now what is the radical significance of the term 
savisesa? Before answering this question, we shall point 
out that occasionally the term has been used to denote the 
complete diagonal in general; that is, in the sense saviéesa 
of a=aV2.5 Again in one instance in the Apastamba 


1 H, G. Zenthen, ' Theorem de Pythagore. Origine de la géométrié 
ascientiflque,'^ Comptes Rendus du IIme Congrés Intr. d. Philosophie, 
Genéve, 1904 ; M. Gantor, '' Uber die älteste indische Mathematik,” 
Arch. d. Math. u. Phys., VIII (8), 1905, pp. 68-72; H. Vogt, “ Haben 
die alten Inder den Pytha goreischen lLehrsatz und das Irrationale 
gekannt ? ” Brbl. Math., VII (3), 1906, pp. 6-28; T, L. Heath, Euclid, 
I, p. 862 f. 

2 Thibaut, Sulbastitras, p. 18. 

3 ‘Burk, ZDMG, LVI, p. 380; compare also LV, p. 648 ('* savisega, 

. of the approximation to the dei-karani °) and p. 567, fn. 1. 
BSI, i. 61-3; ApSl, 1.0; KSI ii. 18. 
A81, iti. 07, 149, 150; ApS?, xix. 2, 8, 4, 7, 
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Sulba,* we find the use 


Vi Rau Rt déc ere ee 
soga ora c pom arai 


But on several occasions in this work and also in other 
Sulbas,* particularly in a compound word, the term visega 
has been employed in the sense of the hypotenuse of a right- 
angled triangle. And it has again been. considered there 


as equivalent to savigega.° The concluding portion of 
Katyayana’s statement of ihe rule for savigega runs thus: 


1 “Tere 4 qefava we aaaea aww wer wag 
wet Tat wer, Heat gak wage... " —Apsi. ai. L 

3 BSI, ix. 1643 ApSl, xx. 6,7, 8, 11, etc. In thése cases occur 
the term bahya-orsega {meaning ‘ having the otéega outwards’); in 
ApSl, xx. 6 we find abhyantara.visega (“ having the orsega inwards’’). 

3 For example, one kind of bricks employed in the construction of 
the Fire-altar of the shape of falcon with bent wings and spreadout 
tail (Vakrapaka2a-vyastapuccha- yendo was called godaéi. Its dimen- 
-310ns are described tbus : 


* dre agii: unag wean, fafucetuqua Sanson — 
Apl, xix. 2. 

'" Construct the $odasi with four (sides), ibus with one- 
eighth, three-eighth, one-fourth (puruga) and the savi:íega of the 
one-fourth (purugs).'" The manner of laying out these bricks has 
been described thus : i 

‘“wafre Mea: gà wat mufa warcfiqce: "— 
ApSlyxx. D. 

‘ Cover the remaining portion (of the Fire-altar) with $odafis, (such 
that) those lying at the extremity (of the Fire-altar) will have their 
osega outwards, but inwards sf the head." 

C wusfars wert gxunfezxfu Ww ouwual aware suse 4 Wt 
* fad wamefan "—4p5l, xx. 6. 

** In the second layer, at the head towards the east lay two gogafis 
having their vsega outwards and on the west lay them with their 
višega inwards and lying in both places (orgaya, t.e., partly in the head 
and partly in body of the Fire-sitar)." 


198 OPINION OF KAPARDISVAMI 


saviáesa iti vigesah. Here the word viéesa must be explain- 
ed differently. The use of the same terms thus in varied 
signifieations, has made the interpretation of their origin 
really difficult. Thibaut’s explanation is obviously errone- 
ous; Bnuirk’s is not full. 

Let us now see how the origin and significance of the 
term saniéega has been interpreted by the early commen- 
tators. Dvüraksnatha Yajvà is of no help to us in this 
matter. He passes off with the simple remark that 
' savigega is a technical term for it.’ Kapardisvami 
observes : 


‘* Savisega is a technical name for the sum thus ob- 
tained.! As it is accompanied with a special quantity in 
excess (vigega), soitis aterm whose meaning is intelh- 
gible by itself. (Add) to twelve (aàgulis) four (angulis), to 
four one; divide that one into thirty-four parts and leave 
out a part. Thus (the resulting sum) will be seventeen 
angulis less one tila. The square of the tilas in twelve 
angulis is 166464 square tilas; the square of the tilas in 
seventeen angulis minus one tila is 832929 square tilas. 
In this (latter) a square of one tila is in excess (of twice 
the other), so the saviéesa is the technical name (for it). 
If it is accompanied with some quantity in excess (viéesa), 
then what is the necessity for it ? In its own domain, it 
has no fault. For if the diagonal be measured (directly) 
with a bamboo-stick, the excess will be to the extent of 
ten square tilas. Thus in any case there will be an excess 
even by a fraction of the smallest part of the minute 
nivüra grain falling from the mouth of a parrot. So (the 
formula) is without fault. It will be of practical use, 
taking this into consideration, the learned author has 
made that (technical) term.’’ 


1 i S p nc ies 
The reference is to e + 8 + zn 3.1.54 
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Karavindasvami’s observations are more elaborate. 

' Savióesa is its technical name. The measure of 
the side (of a square) after having been operated upon by 
the rule ‘increase the measure by its one-third, etc.’ is 
called the savigesa. For instance, increase a measure of 
twelve angulis by four angulis ; increase that four angulis 
by one ahguli minus one tila. The experts (in measure) 
say that thirty-four tilas placed breadthways make one 
anguli. It will be stated (later on in the text) ‘add to 
half (the length of the east-west line) its vigega,’ ! ‘enclose 
with two half-bricks having their vigesa outwards,’ ? eto. 
What (are the correct meanings) of ‘ fasten savigega to the 
middle (pole),’ 3 ‘with one-fourth puruse and with the 
savisesa of one-fourth purusa,’* etc. There it should be un- 
derstood that ‘being with the vigega,’ thatis ‘the measure 
with the vigega’ is the savíéesa. What is the need of this 
big term? So that its true significance may be intelligible 
by itself. What is that? The root gig when prefixed by 
vt denotes in all cases ‘a correction in excess.’ As.the rule 
mentions of an excess qualified by-the prefix vi (it should 
be understood that the accurate value of) the diagonal 
differs by something from, exceeds over the exceeding 
part of the above value of the dvi-karani over the measure 
of the side: and that is the vigesa. Or else the visesa is 
that little area by which (the square of the diagonal as 
calculated by the rule) differs from or exceeds over (twice 
the area of the given square) at the time of measurement. 
For instance, since it has been stated that thirty-four tilas 
make one anguli, the square of the number of tilas in 
twelve angulis is 166464,square areas of tilas ; the square 
of the tilas in seventeen gügulis minus one tila is 882020 
square areas of tilas. In the latter a square of one tila is 
present .in exoess over twice the area of the (given) 

1 ApS, ii. 1. 3 Ibid, ii. l. 
1 Ibid, xx. T. 4 Ibid, xix. 2. 
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square figure ; hence its technical name is vigesa. If the 
diagonal (of the square) could be (exactly) measured with 
the bamboo-rod and the Fire-altar had been measured by 
means of that measure, the area included in the body (of 
the Fire-altar) would not have exceeded (twice) this (the 
given square) even by the smallest part of the minute 
nivdra grain falling from the mouth of a parrot. Jf the 
measure falls short (the area described) in that case will 
also be smaller. So for doubling (a square), the saviíega 
is employed as & practical means, ”’ 

Thus it is evident that according to the interpretation 
of the commentators Kapardisvàmi and Karavindasvami, 
the term savisesa for the diagonal of a square implies 
intrinsically a knowledge of the following: (1) The value of 
the diagonal as calculated by the rule stated for the pur- 
pose is only an approximate one; (2) that value of the 
diagonal has a small quantity in excess over the true value 
of the diagonal; or in other words, the square of 
that value exceeds by some quantity twice the area of the 
given square; (8) that excess cannot be completely elimi- 
nated in calculating the value of the diagonal arithmeti- 
cally. If the validity of this interpretation be accepted, 
then there will remain nothing todoubt that the ancient 
Hindus were aware of the incommensurability of the diago- 
nal of a square with its sides. 

Let us therefore test as far as possible how far the 
commentators can be relied upon in the matter of that 
interpretation. For it might be argued by modern critics 
that being acquainted with the real state of things from 
the mathematical knowledge of their time, the commenta- 
tors naturally gave an interpretation to the texts which 
was more creditable to their authore.! Looking into the 


1 The commentators have been similarly accused in other con. 
nexions by "Thibaut (Sulbasütras, pp. 46 f. and Burk (comments on 
ApS, i. 4). 
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ancient literatures of India, we find in the early canonical 
works of the Jasinas copious instances of the employment 
of the term viéesa in the same connection as we find it in 
the Sulba. Thus in the Süryaprajfiapti (c. 500 B.C.)} 
the circumference of a circle whose diameter is 99640 
yojanas is stated as 815089 yojanas and a little over 
(Kificidviéesüdhika); that of a circle of diameter 100660 
yojanas id stated to be 818815 and a little less (kiacid- 
vigegona). In the Jambudvipaprajüiapli (c. 800 B.O.),? 
the circumference of the Jambudvipa which is of the 
shape ofacircle of 100000 yojanas in diameter, is men- 
tioned as 816227 yojanas 3 gavyutis 128 dhanus 18} 
angulis and a little over (kificid-visesadhika). In all these 
cases,” it will be seen that the value actually recorded is 
only an approximate one and the vtéesa refers to a small 
quantity which has not been recorded—in fact it cannot be 
accurately determined—but which we shall have to add to 
or subtract from the recorded value in order to get the 
accurate value of the quantity sought. Those who are 
acquainted with the technique of Sanskrit and Sanskritic 
languages will ab once recognise that the expression 
kifkcid-viáegüdhika has the identical significance as the term 
savigesa. Indeed we really find the use of the word saviéesa 
in exactly the same sense in a Jaina work of later timer. 
Nemicandra (c. 975 A.D.) writes: tattiunath parirayena 
savisesam or ‘‘ thrice that with a little over (savigesa) is 
the circumference.’’* Now the early canonical works of 


1 Sūtra 20. The formula employed for the calculation is 
circumference = V 10 x (diameter) 2. 

1 Siitra 8. : 

* Several instances of this kind will be found in the author's article 
on ‘The Jaina School of Mathematics " in the Bull. Cal. Math. Soc., 
Vol. XXI, 1920, pp. 115-145; see particularly pp. 181-8. 

4 Triüokasüra of Nemicandra, with the commentary of M&dhava- 
candra, edited by Manoharlal Bastri, Bombay, 1918, Gáth& 95, 


~~ — 
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the Jainas belong to a period not much separated from 
that of the Sulba. Some works of either classes probably 
belong to the same age. So we can accept without any 
hesitation that the term saviesa was employed originally 
in the Sulba with the same significance as that with which 
it is found to have been employed in the early canonical 
works of the Jainas. Thus it is found conclusively that 
Kapardisvami and Karavyimdasvami are thoroughly reliable 
as regards their interpretation of the original significance 
of the term saviéega. Soitis proved that the irrationality 
of “2 was known to the ancient Hindus. 


Other Approximate Values of 4/2. 


From the Manava Sulba we obtain certain other note- 
worthy approximations to the value of “2. By way of 
some calculations in that work are employed the rela- 
tions : 

(1) 407% + 40? = 56? 
(2) 48 + 4? = gp 


From these we easily derive the values, 
CI) W=f=1-4 
(21) 42 = dH = 1-4166..., 


It may be noted that $ is the third convergent of 4/2 
expressed as a continued fraction ! and the value ]i is its 
fourth convergent. What is still more noteworthy is the 
fact that the former value is not derivable from the series 
for “2 stated before. This latter is, however, the eighth 
convergent of the continued fraction for 4/2: 


57% i i 1 

D cm 1 zt ——— e 

4ne Y 8 J 3.4 3.4.34 
1 1 


1 =P et EE 
eR a + ai 9 + 
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These facts will lead one strongly to suspect if the rudi- 
ments of the theory of continued fractions were known to 
the early Hindus. At any rate, these are very remarkable 
cases of coincidence. 

There are certain other rough values of “2 to which 
we shall refer shortly. 


Approximation to the Value of 5. 


There seems to have been a serious attempt, though 
without much success, to find an approximation to the 
value of the surd “5. The occasion was to define clearly 
the relative positions of the three principal and oldest 
known fire-altars, viz., the Gdarhapatya, Ahavaniya and 
Daksina. Baudhayana’s rules to determine their posi- 
tions are these: 

'* With the third part of the length (1.e., the distance 
between the Garhapatya and Ahavaniya) describe three 
squares closely following one another (from the west to- 
wards the east); the place of the Gdrhapatya is at the 
north-western corner of the western square; that of the 
Deksinadgnt is at its south-eastern corner ; and the place of 
the Ahavaniye is at the north-eastern corner of the eastern 
square.” ! 

“Or else divide the distance between the Gürhapatya 
and Áhavuniya into five or six (equal) parts; add (to it) 
a sixth or seventh part; then divide (s cord as lorg as) 
the whole increased length into three parts and make a 
mark at the end of two parts from the eastern end (of the 
cord). Having fastened the two eńds of the cord (to the 
two) poles at the extremities of the distance between 
the Garhapatya and Ahavaniya, stretch it toward the 
south, having taken it by the mark and fixa pole at the 
point reached. This is the place of the Daksinagni.’’ ? 


1 BSI, i. 67. 1 BSI, i. 68. 
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*' Or else increase the measure (between the Gàrhapatya 
and Ahavaniya) by its fifth part; divide (a cord as long 
as) the whole into five parts and make a mark at the end 
of two parts from the western extremity (of the cord). 
Having fastened the two ties at the ends of the east- 
west line, stretch the cord towards the south having taken 
it by the mark and fix a pole at the point reached. This 
is the place of the Daksinagni.’’! 

The second is also given by Apastamba.” A rule 
leading to the same result as the first one above, though 
defined differently, is stated by Katyayana ? and Manu.* 
Katyaéyane has specified the relative positions of the three 
fire-altars also in a new way: 


‘* Divide the distance between the Gdrhapatya and 
Ahavaniya into six or seven parts; add a part; then 
divide (a cord) equal to the total increased length into 
three parts, etc.''5 

The rest of this rule is the same as the latter portion of 
the second rule above and hence need not be mentioned. 


A= Áhavaniya 
G — Gárhapatya 


D D=Dakstndgni 


& 
Fig: 77 


1 fhd, i. 69. 2 Áps, iv. 4. 3 KS, 1. 99. 
€ MàSl, xi. 56 KSI, i. 27. 
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Let b denote the distance between the Gárhapatya and 
Ahavaniya, that is, AG. Then from the different specifi. 


cations given above we obtain the following values for AD 
and GD: 


AD = 415, $b, Gb, 165, 18b 
GD = $42, $b, Ygb, drb, Mb 


If it be assumed that the relative positions of fhe three 
fire-altars were meant to be the one and the same, in all 
cases though expressed differently, then we shall have 
the following approximations to the values of /5 and /2: 


4b = 2$, 24, 22, 24s, 
= 2:4, 2:888... , 2:285... , 2:10. 


/2 = 1}, 14, 1, 144, 

1-2, 1-166... 1:142... , 1-44. 
Since according to modern calculation V2 = 1-414213... 
and “5 = 2-28607...., none of the above values can be 
said-to be & fair approximation, perhaps except the values 


V5 = 23 and v2 = 14} which are correct up to tlie first 
place of decimals. 


Evaluation of Other Surds. 


in the Manava Sulba, we find results leading incident- 
ally to the evaluation of two other surds: 


86? + 90? = 972 
52 +(6)2 = (13)2. 
Whence we easily obtain 
V 29 = Srg = 5 B888... 
A/61- 78 = 78888... 


| 
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Now correct up to three places of decimals “29 = 5-885... 


and 61 = 7:810... Hence the above approximations, 
specially the first one, may be said to be fair for 
ordinary purpose. 


Approzimate Formula. 


It would be natural to ask if there is in the Sulba any . 
specific rule for determiming the approximate value of any 
surd. But the answer is not very reassuring. For we do 
not find an express statement of any formula for the 
purpose. At the same time we can unhesitatingly admit 
that they had the necessary equipments for the approxi- 
mate evaluation of surds, at least of some. We have 
pointed out before that in the science of the Sulba, it is 
sometimes necessary to construct a square having a given 
area. And that is a geometrical method of finding the 
square-root of & given number. If the given area is 
represented by a non-square number, we get a method 
finding the square-root of a non-square number. One 
formula follows at once from the method given in the 
Sulba for the transformation of a rectangle into a 
square, which has been described before. According to 
this method, & square (having its side equal to the breadth 
of the given rectangle) is first cut off from the given rect- 
angle; the excess portion is divided into two halves which 
are then joined to the two sides of that square. Then 
by adding a small square in the corner, a large square 
is completed. The square equivalent to the given 
rectangle will be obtained, itissaid, by subtracting the 
added small square from the completed large square. This 
subtraction was doubtless made by the Sulba-workers 
with the help of the theorem of the square of the 
diagonal. But it can also be made by cutting off two 
strips from the two sides, say, the east side and the south 


APPROXIMATE FORMULA 207 


side of the completed large square.! Suppose A to be the 
area of the given rectangle and a be the side of the 
square subtracted from it. Then the side of the large 
À — a2 
2. 79 
.2 
as ) Then from each 
2a 
side of the large sphere we shall have to cut off a thin strip 
of the same breadth. If 2 denote the breadth of the 
strip, we must have 


completed square willbe a + The area of the 








small added square will be ( 











neglecting z? as being very small. Hence we finally arrive 


A— a2 4? 
å — a? ( 2a ) 
Qa E Aas ow 
a + 2g 


This formula requires a correction, it will be easily 
recognised, inasmuch as a portion equivalent to cz? has 
been subtracted too much. 


at the formula 








1 The process is in fact the reverse of that taught in the Sulba 
for the increment of & given sqvare into another square. 
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The rule of the Bakhshālī Manuscript for determining 
the approximate root of 8 non-square number must have 
been obtained exactly in this way. It says! 


'* In case of & non-square (number), subtract the 
nearest square number; divide the remainder by twice 
(the root of that number). Half the square of that (that 
is, the fraction just obtamed) is divided by the sum of 
the root and the fraction and subtract; (this will be the 
approximate value of the root) less the square (of the 
last term)." 


/ If A = a?-Fr, we write the above formula as 


2 
Pi a de ce IO) 
ae dici E" 2(« + r/2a) 


Now this formula will not be available for finding the 
approximate values of those surds in which r is nob small 
compared with a?. Bo Rodet ? holds that a different 
process of approximation to the value of a surd was aleo 
known to the authors of the Sulba. It will lead to the 
formula, says he, 








1 Bibhntibhusan Datta, ‘‘ The Bakhsh&li Mathematics, Bull. Cal. 
Math. Soo., XXI, 1929, pp. 1-60. 

3 I, Rodet, ' Sur une méthode d’spproximation des reoines cares 
conne dans l'Inde antérieurment a le conquite d'Alexandre, Bull. 
Soc Math. d. France, VII, 1879, pp. 98102; '' Sur les méthodes 
d’approximation chez las anciens.’’—Jd¢d, pp. 159-167. 
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i T 
2 + 
t xi) 





zi - ui) 
il +o " 2a+1 28--1 

1 P E ME eee 

o 2-1 
A nearly equivalent formula will be obtained by 
proceeding in the following way: From the given rect- 
angle A, cut off the square (S) of side a each. Let the 
area of the remaining portion of the rectangle be r. From 
this cut off two strips I and II of the same breadth 


r[(2a--1) and arrange them as in Fig. 78. Then 
the area of the strip of the rectangle still left over will be 


po eee aa TT 





~} 
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my .te the larger square by adding a portion III which 
ded’ ted from r/(2a+1). Than the area of IV will be 





To ( T ) EE ( i- I ) 
204-1 a1 Zat+i\ , 2ac41/. 
Now thia portion can be utilised in increasing the side of 
she squere obtained before. If the inerement of the side 
y, thon we must have 


e T )- 2 — T fe E ) 
(a+ 201 / ? - Bar] Sati / 


+ approximately 








Hence the side of the equivalent square is nearly 


znali- az) 
ap Zy AHI 2a +1 : 


2a +1 9 (** r ) 
2a--1 


This is a little too great. So decrease the square by 
cutting off a strip of breadth e from either side; then 
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1 


whence, we get 


NE t- za ) : 
EMT l 


‘A 


tia.) 
2 (a + xr) 


oq r 
T 4 PESA = 2a--1 ) 
2a T1 bu d 
2a #1 








T€ 
( 


as o7 


l'hus we have finally 
MAz Vas-r =at goo 


n.arly. 


CHAPTER XVI 


FRAOTIONS AND OTHER Minor MATTERS 


Terminology. 


In the Sulba, as in later Hindu mathematias, the 
fraction is called améa, bhdga, meaning ''part," 
"portion" Once in the Apastamba Sulba and Katyayana 
Sulba each, i$ is called kalá.! This term is interesting 
inasmuch as it was used as early as the Rgveda * to denote 
particularly a sixteenth part. It is also employed symboli- 
cally for the number sixteen. The unit fraction is indicat 
ed by a compound of either of those terms with & cardinal 
number, e.g., patcadasa-bhiga=1/15 (ApSl, x. 8; KSI, v. 
4); tri-bhàga —1/8 (KSl) or with an ordinal number, 6.g., 
palcama-bhága —1/6 (ApSl, ix. 7, x. 2; KSL, v. 6). Often- 
times in the latter case, the word bhaga is omitted, so that 
we have only an ordinal to denote a fraction, e.g., paricama 
(or “fifth ’’)=1/5, dvádaéa (‘‘twelfth’’)=1/12, trayodaéa 
(“ thirteenth ’’)=1/18, etc.? 

In the Manava Sulba,* we find a few very strange and 
unusual instances where dvi-guna, tri-guna and catur-guna 
are employed to denote, respectively 1/2, 1/8, and 1/4. 
But there we also meet with such usual use as dbi guna = 
2-times, pafica-guna == §-times.° The former are, indeed, 
highly ambiguous applications. 

It is much noteworthy that the authors of the Sulba 
did not restrict themselves to the use of unit fractions 
only, as is known to have been the case with the early 


1 ApSl, iii, 10; K8l, iri. 11. Compare also Chandogya Upaniaad, vi. 
Til 2 RV, vin. 47, 17. 

3 BSl, i. 61, ii. 67; ZpSI, ix. 7, xh. 1, etc. It should be noted that 
doádaía, todasa, etc., are also used in the cardinal senso. 

1 Masi, v. 5. 8 Ibid, ii. 5, 6. 
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Egyptian, Babylonian, and Chinese mathematicians.! 
In the Sulba,-the unit fraction has not,” indeed, any 
special significance attached toit. We find in them the 
frequent use of the general. fraction. Their mode of 
expressing it is exactly the same as that of later Hindu 
writers. Thus 3/8 is called tri-agtama ('' three-eighths ''), 
2/7 dvi-saptama ( ‘‘two-sevenths '').? Katyaéyana mentions 
143 prakramas as caturdaéa prakraman triméca prakruma- 
saptabhagan (or ‘‘ 14 prakramas and three of the seventh 
parts of a ptakrama '').? 8/4 is sometimes called catur- 
bhagona ('* less one-fourth '').* that is, 1-1/4. 

À peculiar mode of expressing certain fractions is some- 
times found in the Sulba, e.g., ardha-navama, which 
literally means ‘‘ containing a half for its ninth,’’ ig, used 
to denote ‘‘ eight .and a half '’;- ardha-daéama ('* contain- 
ing a half for its tenth) '"-—9i, and so on.? Such 
a term evidently carries with' it the concrete concept of the 
operation of measuring. 

A fraction of a fraction is indicated in the usual way 
thus: jànoh paftcamasya caturviméena = “ by gy of } of a 
janu:” Further ‘caturtha-savisesdrdha = 4 (1 2 ) 
caturtha - See aL = 1(} VW2),7 


Operations with Fractions. 


In the Suiba, there are instances showing fund&mental 
arithmetical operations with elementary fractions. For 
example, it is stated in the Baudhdyana Sulba:® 


t D.B. Smith, History of Mathematics, i in two volumes, Boston, 
1925; Vol. If, pp.'208 f. " 


3 Aps, xix. 2, 6. . 3 ESL vi. 9. 5 ApSl, xv. 5, xix. 1. 
5 BSfii.1-8; ApSt. iti .8; Mē, ii;1-9.. . E 
* BSl, ii, 13. 5 n7 ApSB xix. 4,7... +> 


8 BSl, iii. 106. Oempare alse Bl, ili. 288.9 and 4ApSl, xvii. 8 
whieh give 


1 
SR -= jg 7 120. 
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'" One hundred eighty-seven and a halı square bricks 
of sides (equal t^) one-fifth of a purusa make up the 
seven-fold Agni with the two aratnis and the pr&deés.”’ 

Here tbe area ^f each brick is 1/26 of a square purusa; 
so the number of such bricks required to cover an area ot 


H : square purusas will be 


Thus it is an instance of division of fractions. Or the 
samo result may have been obtained in a slightly different 
way which is, indeed, a simplifiea method of division. 
Since the area of each brick is 1/25 of a square purusa, 
one square purusa will contain 25 such bricks. Therefore 


1 : . 
an area of is square purusas will contain 


"7 x 25 = 187 


] 

2c 

bricks. If the area uf each brick be '' One-fifteenth of 
half of a square purusa,” says Baudhiyann,! the number 
of bricks used will be 225. That is, 


7t} ło 1.15, it Lb 


om nes os 
2 15 2 2 a0 2 


Bop 


80 = 225. 


In describing the Dronacit, Baudh&yana writes :? 

‘Its body is a square; its side is three purusas less 
one-third. On the western side of the body is the handle. 
Its length east-to-west is half a purusa plus ten angulis 
and ita breadth north-to-south is one purusa less one-third. 
Thus is made the sevenfold Agni with the two arutzis and 
the prāädeśs.” 


1 BS. hi. 188-9. ^ 2 BSB ni. 219-224, 
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P 


That is, 


IA 


2 
T. square purusas = {(s L) purusas 1 


{1 ; dh l. 
+ ur purusa + 10 angulis )xf 1 g j Purus f; 


the right-hand side, in square purusas 


1 7 2 
S * ia*g" 
1 
= 17>. 
2 


The spatial dimensions of the constituent parts of the 
Fire-alter of the shape of the falcon with bent wings and 
spread-out tails have been described by Apastamba as 
follow : 


‘ Of the whole area making the seven-fold Agni with 
he two aratnis and the pridesa, take off the pradeda (from 
the tail), and the fourth part of the body together with eight 
quarter bricks. Of these latter, (use) three for the head, 
then divide the remainder between the two wings." ! 

Now, as is well-known, the body of the primitive Fire- 
altar of the shnpe of the falcon measures 4 square purugas, 
each wing 1x1] square purusas and the tail 1*x1j5 
square purusas. On taking out the prüdeáa(— 1/10 
purusa) from the tail, there will remain 1 square purusa, 
The body will be reduced by 


1 1 i 
4x1 +8 x jg Square purusas ; 


? Ap&l, xv. 8. 
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there will then remain 


Te! 
4'— L4x — —]-9-— : 
( T ¥ ext] 45 square purusas 


ux RU Ll: : : 
Of the former with ox Tu square purusas ig formed the 


Y 


head and the remainder ,,. "P. tou adus 
Lot t % a 
4 ,8 à 6 
L 4-5 — —'= ].— square nurusas 
4 518 16, i6 sq Buses. 


\ 


together with lxi square purusas from the tail is 


divided equally between the two wings. Bach wing will ' 
therefore measure 
1 1 1 
MI uU ‘ ] orem -— š 
* x 5 +- ME. 1 16 T D) ana purugas 
Bene. the total area of the Fire-alter: vill be, in square 
purusas, 


` jl ‘ E ee ie an 2 of 
1 ob aA. : a) tals: 
me E = a5 3) oF, 
. Of the.squaring of a früstion, wë m “the following 
example from the sali Sulba z:3- > 
DE ES 26) à 


lk cord i- x purusas on produces.‘(a square a: at 


E s+ 
a tot at . es ata * 4, t 


r E ndo : d ^ >à vto: 1 f 

(šquare purusas) ; 2 z porusas produce 6 (square puru: 
(05 "B tix tes , t , $ je M ? 

888). ^u ^e qoc ttr : "qe g T » f 
That is, E - FEET 
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Baudhéyana states, on the contrary, that the side:of a 
square measuring UE square purusas ig 22 purusas in 
length.! That 1s yo y 


Progressive Series. 


In the manner of laying out bricks described in the 
Sulba, we find a few interesting instances of progressive 
series. Apastamba writes: 


.'* On (the occasion of) the first construction, (the 
altar-builder) should construct (the Fire-altar) knee-deep 
with 1000 bricks; on the second, navel-deep with 2000 
bricks; on the third, mouth-deep with 3000 bricks. (The 
‘number of bricks employed in constructing the Fire-altar 
becomes thus) greater and greater on each successive 
occasion. He who constructs to attain the Heaven, 
(should thus construct with) great, high and unlimited 
(mahdntam brhantam aparimitam) (number of bricks); 
80 it is known (from the ancient scriptures). '' 2 

Thus we have the A. P. 
1000, 2000, 8000,... 


Reference to this progressive mode of successive construc- 
tion of the Fire-altar is found as early as the Taittiriya 
Samhita (c. 3000 B.C.).3 It reappears in the Satapatha 
Brühmana and Apastamba expressly admits to have 
borrowed it from that work.* We find there another 
noteworthy instance which shows that it was very likely 
known then how to sum up & series in A. P. 


1 BSI, iii, 220. 
2 ApST, x. 8; see also ApSr, xvi. 1911-9; BSI, ii. 26. 
3 T$, v. 6. 8. 2.9. ' 

/ 4 ApSh, xvi. 18. 19. 
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"© But, indeed, that Fire-altar also is the Metres; for 
there are sev^on of these metros, increasing by four syl- 
lables; and the triplets of these make seven hundred and 
twenty syllables, and thirty-six in rddition thereto." 1 


It has been atated elsewhere in tho same work that 
the shortest metre is the Géyatri with 24 syllables. Thus 
we are given the first term (24), the common difference (4) 
and the number of term (7) of a series in A. P. Then its 


Sum =5 (8x24 4 (7-1)4} 


— 252. 
So the triplets of these metres will consist of 760 (= 252 
x 8) syllables, which are equal to 720+ 36 as stated. 
From the method indicated by Baudhiiyana ? for 
constructing larger and larger squares, starting with a 
smaller one, by adding successively gnomons to it is clear 
that the following series was known to him.? 


1484547 (n1) = (n+1)2 





quA m din AR MAL NEN m 


X9 PPP 


Fig. 79 
Factorisation. 


The true significance of another passage is not quite 
clear to us unless if is some mystic expression of an 


1 Br, x. 5.2.7. Eggohng's translation, 3 Vide supra, pp. 125 ff, 
3 Compare Mëller, loc. cit., pp. 900 f. \ 
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attempt to find all the possible factors of a number. 
The Satapati.a Brahmana says: 


' Now in this Prajapati, the year, there are 720 days and 
nights, Lis lights, (being) those bricks; 860 enclos.ng stones, 
aud 960 bricks with (special) formulas. This Prajapati, 
the year, has created all existing things, both what 
breath;s and' the breathless, both gods and men. Having 
c,eated all existing things, he f-ltlike one emptiad out, end 
was &frrid of deuth. He bethought himself, ‘How can I 
get these beings back into my body? how can I put them 
back into my body? how can 1 be again the budy of ull 
these beings?’ He divided his body into two: thufo were 
960 bricks in the one, and as many in the other: he did 
not succeed. He made himself three bodies,—in each of 
them there were 8 x 8u of bricks: he did not succeed. He 
made himself four bodies of 180 bricks each: he did not 
succeed. ite made himself five bodies,- -in each of them 
there were 144 bricks: he did not succeed. ite made 
himself six bodies of 120 bricks each: he uid not succeed. 
He did not develop himself sevenfold.! He made him- 
self 8 bodies of 90 bricks each: he did not succeed. He 
made himself 9 bodies of 80 bricks each: he did not 
gucceod. He made himself 10 bodies of 72 bricks eash: 
he did not succeeu. He did not develop elevenfold. He 
made himself 12 bodies of 60 bricks each: be did not 
succeed. He did not develop either thirteenfold or 
fourteenfold. Ho made himself 15 bodios of 48 bricks 
each: he did not succeed. He nade himself 16 bodies of 
45 bricks cach: he did not succeed. He did not devalop 
seventeenfold. He made himself 18 bodies of 40 bricks 
each: he did not succeed. Heid not develop nineteenfold. 


l The text 4 qqul «wa literally means " did not become divided 
into seven (parts).”’ 
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He made himself 20 bodies of B6 brieks each: he did nob 
succeed. He did not develop either twenty-onefold, or 
twenty-twofold, or twenty-threefold. He made himself 
24 bodies of 80 bricks each. There he stopped, at the 
fifteenth; and because he stopped at the fifteenth arrange- 
ment there are fifteen forms, of the waxing, and fifteen 
of the waning (moon)."' 1 

The significance of stopping after the fourteenth opera- 
tion is obvious. For after that there will be the repetition 
of the previous factors. 


$ 


1 SBr, x. 4, 2. 2-17. The translation is substantially due to Eggel- 
ing. We have only introduced the ciphers for the numbers 1n words.’ 


^ — "APPENDIX 


Some TEoHNIiCAL TERMS or THE ÉÜULBA. °° 


Line of Symmetry of, the Vedi —Every, one of the altars 
of various shapes that have been described in the Sulba, 
has & line of synimetry., Some which are square, rectan- 
gular or circular (with or without spokes) have, indeed, . 
more than one such line. ‘But primary importance is 
always attached even im those cases only to one of them. 
That line of aymmetry of an altar is technically ‘called the 
prethya. This term is dérived from the word prstha (or 
“back ’’) and so méans '' the linó^marking the back or 
rather the back-bone of the altar.’’ ‘It has its ‘origin im 
the comparison of the altar with an animal which occurs 
repeatedly in the Samhita and Brühmana:;^ For instance, 
the Taittiriya: Samhita observes, '' The Fire-altar’is'an 
animal,’’! 

Configuration of the Vedi.—A sacrificial altar is built in 
such a cónfiguration as to place its principal line of sym- 
metry always along the west-to-east direction. Hence 
it is also called the praci, or ‘‘the eastward line." This 
line, as has been already observed, is of primary impor- 
tance in the geometry of the Sulba. "For all constructions 
are described in the Sulba invariably with reference to it. 
The sides of an altar lying on either sides of its praci, 
whether parallel to it or not, are called its pürévamüni, 
from páríva = ''side" and mána-''measure," and hence 
meaning literally the ''side measure;’’ those which are at 
right angles to the praci are called the tiryanmani or the- 


| TS, %.2.10. 1. - 
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transverse moasure,'' from tiryak=‘‘transverse,’’ mana= 
"measure." The latter term is oftentimes called in short 
tiryak, tiraácina or Liraéci (‘‘transverse’’) which are some- 
times further abbreviated into tirak. These terms are very 
old and occur in the earliest literatures of the Hindvs.} 
The transverse sides are again distinguished into paécátü- 
raścī (''the western transverse side") and purastittiraéoi 
('* the eastern transverse side’’),? The former is eso called 
the mukha (—''the face”) and the latter the pada (-''the 
base’’) of the altar. 


Line.—The line is called in the Sulba, lekhà or rekha, 
both the terms being identical, as, according to the rules of 
the Sanskrit Grammar, the alphabets! andr can be re- 
. placed mutually. A straight line is distinguished as rju- 
lekha, rju meaning ‘‘straight.’’§ 

Rectilinear Figures.—In the Sulba,we discern two differ- 
ent systems of nomenclature for the reotilinear geometri- 
cal figures.* In one system the naming is according to the 
number of angles or corners in the ugures, and the names 
are formed by the juxtaposition of the number names with 
agra or asra which orcinarily means ‘‘corner,’’ ‘‘angle,”’ 
Egos iryasra- (‘‘ triangle”), ^aturasra (‘‘ quadrangle’’), 
etc. Those names were introduced in tho vime of the 
Srauta-sitra (c. 2000-1500 B.C.). Stii oldor names were 
compounds ending with srakti ( = '' angle," ‘‘ corner’’). 
Thus the name catuksrakti, which literally means, 
the ''quadrangle," occurs in the Vàjasaneyi Samhita, 


1 For instanoe see TS, 31. 2.4.5; Maig, ni. 8.4 ; 3Br, wit. 1113 ; 
eio. i 

3 BSI, i. T8. 76 ; TE, vi. 2.4.5. 

3 BSI, ii. 82. 

4 For fuller information on this point, see the author's article, '' On 
the Hindu Names for the Rectilinear Geometrical Figures," in the 
Journal of the Asiatic Society of Bengal, N.8., XX VI, 1630, pp. 253-290. 
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Taitiiriya Samhitd, Satapatha | Brühmana, Apastamba 
Srauta, Baudhüyana Sulba and other works. In the Rg- 
veda, we find the term navusrakti referring to the  '' nine 
eorners'' of the herven. In the Katydyana Sulba Pari- 
áigia,! we have compound names for rectilinear figuros . 
ending with karga. The Sanskrit word karna means the 
‘‘ear.’’ Applied to geometrical figures, it implies the ‘‘ang]9’’; 
hence trikarya=‘‘triangle,’’ paficakarna=‘‘pentagon.’’ 
The word karna degonerated into xona in the Prakrta langu- 
ages. So in the Ardha Magadhi work Süryapraji.apti,? we 
get the names trikona (= ‘‘trigonon’’), catuskona (= ''tebra- 
gonon’’), pafisakont (=‘' pentagon’’) etc. These terms 
are, however, accepted in later Sanskrit literaturs.? The 
term agra or asra in a compound name sometimes denotes 
the ‘side’ Thus Baudhüyans once described a square 
as . cutuhsrakti (‘‘four-corneved’’) and sama-caturasra 
(‘‘equi-four-sidec’’).* So the terms tryasra, caturasra, ete., 
will also mean respectively ‘‘trilateral,’’ ‘‘quadrilateral,’’ 
etc. Thus we get a second system of naming retilinear 
geometrical figures according to the number of sides they 
possess. 


An isosceles triangle is denoted by the term  pratiga. 
This word is probably derived frora pra+yuga, meaning 
‘* the forepart of the shafts of a chariot.” A rhombus is 
siriilarly oailed ubhayatah prauga (‘‘prauga or both sides’’) 
inasmuch as it is divided into two praügas by a diagonal. 
Both these terms are a£ old as the Taittiriya Saminita® 


1 KSIP, iv. 7-8. 

? Suryoaprojflapti, Bütra 19, 25. 

3 Sse for insti 3ce, .he Parifislas of the Atharva-ceda, zziii. 1. 
xxv. 1, 3, 6, 7, etc. ; Arthasastra of Kauyily 2, ij. 11. 29. 

4 BS], 1. 7C. 

5 Cf. Ap&, xx. i$. 

$6 TS, v. 4 11. 


"€ 
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and continued to be used in the same sense in posterior 
works, the Brühmana and Srauta including Sulba, 

A square is generally called sama-caturasra (sama 
‘‘equal’’). It is oftentimes,of course when there is no chance 
of ambiguity the context being clear, shortened into catu- 
rasra,! and occasionally even into simple sama.? "Thibaut 
is respozsible for the opinion that in the term sama-catu- 
rasra, the word sama refers to the equality of four sides 
and caturasra implies thet the four angles of the figure are 
right angles. A more plausible interpretation would be 
thet same refers to the form or shape of the figure which 
is to'be the same in every respect, . caturagra implying a 
quadrangle or quadrilateral. Ib will then be consistent 
with the term dirgha-caturasra for the rectangle,* which 
signifies that the form of the caturasra-is in this case 
dirgha (or ‘‘longish’’). The rectangle is sometimes called 
in short the dirgha.® The term for a quadrilateral of un- 
equal sides’ is the wisama-caturasra (literally, “ ib- 
equilateral quadrilateral’). But in contradistinction from 
the sama-caturasra or the square, that term may denote 
also the rectangle. ® 

When all the angles of a polygon are equal, it is said to 
be of eka-karna (literally, ‘‘one-angled’’) variety; and when 
not so, of dvi-karna (literally, ‘‘two-angled’’) variety, imply- 
ing that in this variety the angles of the figure are of more 
than one size). 

The diagonal ia caNed the aksna or akenayd (" that 
which goes across or transversely,’’ that is, ‘‘the cross- 


1 BSl, i. 92. 60. 51; ApSl, i. 6 ; ii. 4-8; etc. ` 
3 Ap8l, i. 6, , 
3 Thibaut, Sulcastitras, p. 7. . 
4 BSI, i. 36. 38 ; ÁpS$1, ii. 7 , in. 1; etc. 
á 5 Aps], i. 4. 
$ See KSI, iii. 4. 
? Fide supra p. 81, foot-note 2. 
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line’)! In relation to the instrument of measurement, 
it is sometimes designated as the akgnayd-rajju (‘‘ the dia- 
gonal cord’’)? and at other times the aksnayd-venu (‘‘ the 
diagona! bamboo-rod').3 The diagonal is also denoted by 
karna, meaning ‘‘ the line going across the angle” or ‘ the 
line going across from corner to corner.’’* 

Circle.—In the Sulba, the circle is designated the man- 
dala (''round"),5 pari-mandala ("round on all sides’’) ;° 
the circumference, parinüha? (“bounding line on all 
sides”), and the diameter, viskambha® or vydsa 
(‘‘breadth’’). The centre of the circle is called madhya 
("middle"). But this term is also used in more general 
sense for the middlemost point of a square or rectangle, ° 
or of a line.!? The segment of the circle is denoted by the 
term pradhi.! 

It is perhaps noteworthy that the direction of rotation 
was used to be indicated in the Vedic Age by means of an 


1 BSI, 1. 62 ; 11. 55. 65; BSr, x. 19, xix. 1. Compare RV, viii. 
7.35; ApSI, ii. 5. 

Rama, the commentator of the Katyayana Sulba, 1s of opinion that 
this line is so called becauae it divides the figure into two akt or "eyes"; 


LI 
afa rufa erem oc wq lur fasts sep fe «nu 
qa agafat maf aa waaa fade ariari 
Atarua wafa 1"? KSI, ii. 7 (Com.) 
3 BSI, i. 60, ApSl, i. 395. 
3 Ap&l, ix. 8. 
í BSr, xix. 1 ; KSr, xvii. 8. 8. 
5 BSI, i. 28, 94, 58, 69 ; ApSI, iii. 2, 3. 
6 ApS, vii. 6. 19 ; BSI, ii. 68. 70. 
7 BSI, i. 118. 
8 BSI, i. 28, 95, 96; ApSl, ii; ApSI, vii. 10. 
3 BSI, i. 88; ABL iii. 9. 
10 BS$l,i. 56, 57, 78. ; ApSi, ii. 1. 
nu BSI, n. 71-2. 
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arc of a circle very likely with an arrow-head at one extre- 
mity. Thus we have the terms daksindurta lekha ( ‘‘the 
line turning rotationally towards the right ") and savya- 
vrta lekha ( ‘‘the line turning rotationally towards the 
left’’).1 Again a rotation is called dakgina-prak, if it is 
towards the east by the south, and i a a a if it 
is towards the west by the south.” 

Area.—In the early Hindu geometry a figure is general- 
lydenoted by theterm ksetra? and its aren by bhümi.* 
Occasionally, however, the term ksetra is employed also m 
the sense of an area.* 

, Fundamental Operations.—Addition is called samása 
("putting together") and the sum obtained samasta 
(" whole," ‘‘total’’).> Subtraction is called nirhara 
(‘‘deduction’’) and the remainder $esa.5 Division is 
bhága, vibhaga. ‘One term deserves special notice : it is 
abhydsa. This word, formed from abhi and dsa, means 
radically ‘‘repetition,’’ ‘‘reduplication.’’ It then came to 
denote, in its various declinations, the operation of addi- 
tion? as well as of miultiplication.? Whence it seems 
that the early Hindus recognised multiplication to bea 
kind of addition. 


| BSI, ii. 80-31. 

3 ApSl, viii. 9-10. 

3 BSr, xix. 7-9. 

4 BSr, xxvi. 25; BSL i 66,67, 82; ÁpSl, 1 6. KSL ni. 11. 
5 Bee BSL, i. 89; ApSl, ii. 4. 

$ BSI, 1, 58; Ap3), 11. 6. 7. 

7 BSI, ii. 4. 9. 11; ApSl, i. 9, 2; ii. 1. 

8 ApS, v. B. 


BIBLIOGRAPHY OF THE SULBA 
I 


The following works on the Sulba and their comment- 
aries, published and unpublished, have been made use of 
in this book.! 


1. Baudhayana Sulba: 


This work was published by G. Thibaut with English 
translation, critical notes, extracts from the commentary 
of Dvarskanatha Yajva and a few diagrams, in the Pandit, 
a monthly journal, now defunct, of the Sanskrit College 
of Benares : Old Series, IX and X, 1874-5 ; New Series, 
I, 1877. The text is printed in the Baudhdyana Srauta 
Sūtra, being the 30th Chapter of it, edited by W. Caland, 


1 In the collection of the Calcutta University, there is a good number 
of transcripts of the works on the Sulba and their commentaries. We 
have noted below, along with them, the original manuscripts from which 
they have been iransonrbed. The key to the abbreviations used is as 
follows : 

Ady. Lib.= Library of the Theosophical Society at Adyar, Southern - 
India. 

Asiat. Boc. Ben. = Asiatic Society of Bengal, Calcutis. 

Bhand. O. Inet. = Bhandarkar Oriental Institute, Poona. 

Bom. Br. Roy. Asiat. Soc.= Bombay Branch of the Royal Asiatic 
Society, Bombay. j 

Bom. Univ. —c Bombay University. 

Ind. Off. Lib, — Library of the Indis Office at London. 

Mad. O. Ms. Lib.=Government Oriental Manusompts Library, 
Madras. 

Mys. O. Ms. Lib.— Government Oriental Manuscripts Library, 
Mysore. . ; 

Tani. Pal. Iib,— Palace Library of the Maharaja of Tanjore. 
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in three volumes, Calcutta, 1004, 1907, 19018. Besides 
these printed works, the manuscripts consulted are: 


(1:1) Text only: 
C. U. 21 


(1 2) Text with the commentary, ontitled Sulba-dipika, 
of Dvarakanatha Yajvü: 


C. U. 15 (=Tanj. Pal. Lib., No. 3743D). 

C. U. 15 (a) (=Tanj. Pal. Lib., No. 3742, collated 
with No. 3748 B). 

C. U. 21 (=Tanj. Pal. Lib., No. 9160(b), collated 
with No. 8748B), 

(1:3) Text with the commentary, Sulba-miniamaa, 
of Venkatesvara Diksita : 

C. U. 42 (=Bhand. O. Inst., No. 96 of 1891-95). 


2. Apastamba Sulba: 


This has been edited and published by A. Burk, with 
Gorman translation, notes and comments, helpful extracts 
from the commentaries of Kapardisvimi, Karavindasviami 
and Sundararaja, and diagrams, together witha masterly 
introduction, in the Zeitechrift der deutschen morgenlan- 
dischen Gessellschaft, LV, 1902, pp. 548-591 ; LVI, 1903, 
pp. 827-391. Manuscripts consulted are: 


(2:1) Text only : 
C. U. 16 (=Tanj. Pal. Lib., No. 3846). 


C. U. 27 (=Bom. Univ). 
C. U. 34 (— Ady. Lib.). 


(2:2) Text with the commentary, Sulba-vyükhyd, of 
Kapardisvami : 


C. U.1(=Mad. O. Ms, Lib, No. 777 collated with 
No. 151 (b)). 3^ 


tmt 
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C. U. 17 (=Tanj. Pal. Lib., No. 8851). 
C. U. 52 (=Mad. O. Ms, Lib.). 
C. U. 54 (=Mys. O. Ms. Lib.). 


(2.8) Text with the commentary, Sulba-pradipikà, of Kara- 
vindasvümi: l 
C. U. 18 (=Tanj. Pal. Lib., No: 3852), Eu 2 
C. U. 81(=Ms. of Pandit Gopal Desikacarya of 
Kumbhakonam). 
C. U. 49 (=Mad. O Ms. Lib.). 
C. U. 50 (=Do. another copy). 
C. U. 58 (=Mys. O. Ms. Lib.), 


(2:4) Text with the commentary, Sulba-pradipa, of Bun- 
dararaja : 
C. U. 10 (=Ms. of Pandit Gopal  Desikscarya of 
Kumbhakonam). 
C. U. 19 (=Tanj. Pal. Lib., No. 9160 (a)"). 
C. U. 20 (=Tanj. Pal. Lib., No. 9160 (a) collated with 
-9172 (a) ). 
, 82 (= Ady. Lib.). 
. 88 (=Do , another copy). 
. 48 (=Bhand. O. Lib., No. 23 of A 1879-80). 
. 44 (- Mad. O. Ms, Lib. No. R 911 (a). 
. 51 (=Mad. O. Ms, Lib., No. 5812). 
. 55 (=Mys. O. Ms. Lib.). 


(2:5) Text with the commentary, Apastambiya Sulba- 
bhasya, of Gopal. 


aoooco 
elc cL e 


(8) Kátyáyana Sulba. 


A portion of this work, only the first two chapters, 
was published by G, Thibaut with English translation and 
ihe commentary, cried the Sulba-sitra-vrtti of Rama 
(c. 1450 A .; iœ the Pandit, New Series, IV, 1882. 
Manuscripis consulted are: 


(8.1) Text only : 
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C. U. 41 (=Bhand, O. Inst., No 74 of A 1881-82). It 
contains also the transcript of the MS. of the PariSista of 
Katyayana Sulba in the Ind. Off. Lib., No. E 363. 

C. U. 45 (=Bom. Br. Roy. Asiat. Sos. Lib.). 


(3:2) Text with the commentary, Sulba-Sütra-vivarana, of 
Mahidhara (1589. A:D.): 
C. U. 41 (= Bhand.:O. Inst., No. 363 of 1883- si) 
C. U. 46 (=Bom. Br. Roy. Asiat. Soc. Lib.). 


4. Manava Sulba: 


C. U. 28 (= Asiat. Soc. Ben., No. I. E. 17); the text 
with the commentary of Sivadasa. 
C. U. 29 (= Bom. Univ.) ; the text odis. 


5.  Maitrüyaniya Sulba: | 
C. U. 47 (=Bom. Br. Roy. Asiat. Soc.) ; the text with 
the commentary of Sankara. 


6. Varáha Sulba: 
C. U. 80 (=Mys. O. Ms, Lib.). 
II 


Following is a list of articles dealing primarily with the 
' mathematics in the Sulba - 


(1) Burk, A.—‘‘ Das Apastamba Sulva-sütra,'' Zeitschrift 
der deutschen morgenlandischen Gesellschaft, LV, 
1901, pp. 548-591; LVI, 1902, pp. 827-801. 

(2) Cantor, M.—'' Über die alteste indische Mathe- 
matik,” Archiv der Mathematik und Physik, 
VIII (8), 1905, pp. 63-72. 

(3) ó —  ''Grüko-indische Studien,” Zeilsohrift 

| für Mathematik und Physik, XXII, Hist. Lit. 

(4 Datta, B—''The Origin of Hindu Indeterminate 

Analysis," Archion, XIII, 1981, pp. 401-7. 
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(5) Levi, B.—''Observazioni e congetture sopra la 


geometria degli Indiani,’’ Bibliotheca Mathematica, 
IX (3), 1909/10, p. 97. 


~ 


(60 Mazumdar, N. K.—'' Mànava Sulba Sütram,'' Jour- 


(7) 


nal of the Department of Letters in the Calcutta 
University, VIII, 1922. 


7—''On the Different Sulba Sutras,'' Proceedings and 


Transactions of the Second Oriental Conference, 
Calcutta, 1922, pp. 561-4. 


(8) Milhaud, G.—'' La geometric d’Apastamba,”"’ Revue 


générale des Sciences, XXI, 1910, pp. 512-520. 


(9) Muller, C.—'' Die Mathematik der Sulvasitra,’’ 


(10) 


(11) 
(12) 


(18) 


(15) 


(16) 


Abhund. a. d. Math. Sem. d. Hambung. Univ , 
Bd. VII. 1929, pp. 173-204. 


Thibaut, G.—'*' On the Bulva-sütras,"' Journal of the 


Asiatic Society of Bengal, XLIV, 1875, pp. 227- 
215. ' 

»  —“ The Baudhiyana Sulva-sitra, The Pandit, 
Old Series, IX, X; New Series, I 

T —'' The  Kütyaüyang& Sulva-sitra; ” The 
Pandit, New Series, IV. 


Vogt, H.—“ Der Pythagoreischen Lehrsatz in der 


ältesten Geometrie der Inder,’’ Schleische Gesells- 
chaft, Jahresberichte der Math. Sec, LXXXIV, 
1906. pp. 8-4. 

»,  —' Haben die alfen Inder den Pythagorsis- 


" chen Lehrsatz und das Irrationale gekant ?” 


Bibliotheca Mathematica, VIT. (8), 1906/7, pp. 
6-28, 


Weber, À.—'' Zur Kenntniss des vedischen Opferri- 


tuals,” Indische Studien, XIII, pp. 215-299. 


Zeuthen, H. G.—'' Sur l'Arithmétique Géometrique 


des Grees et des Indiens," Bibliotheea Mathema- 
tica, 1904, pp. 97-112. 
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(17) Zeuthen, H. G.—'' Theoréme dé Pythagore, Origine 
de l& Geometrie scientifique," Compten  Rendus 
.du Ilme Congrés internationale de Philosophie, 
Genéve, 1904. 
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Valuable information on the subject can also be had 
from the following standard works and articles : 


(1) Cantor, M.—Geschichte der Mathematik, I}, pp. 685- 
045.  .. i 

(2) Datta, B.—'' Hindu Contribution to Mathematics,” 
Bulletin of the Mathematical Association of the 
University of Allahabad, I to II, pp. 1ff. 

(3 e —'''fhe Scope and Development of the 
Hindu Ganita,’’ Indian Historical Quarterly, V, 
1929, pp. 479-512. 

(4) Dutt, R. C.—A History of Civilisation in Ancient 
India, revised edition, London 1898, I, pp. 260 ff. 

5) Hankel,.H.—Zur Geschichte der Mathematik im 


Alterthum und Mittelalter, Leipzig, 1874. 

(6) Heath, T.—The Thirteen Books of Euclid's Elements, 
I, Carnbridge, 1908, pp. 352-364. 

(7) Von Schroeder, L.—Indien Literatur und Kultur, 
Leipzig, 1887. å 

(8) $ —Pythagoras und die Indar, 
Leipzig, 1884. 
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Abhyantara-otfega, 197n. Š 
Agns, 27, 80 et seg., 89-40, 60n- 
8in, 120, 152; Enlargement 


of, 168 et seg. (See Kümya 
Agni, and Ekaśałta-vidha 
Agri). 

Agni-cayana, 28, 29. 

Agns-crt, 28, 28n. 


Agnidhrtya, 34, 42. 

Ahavaniya, 91, 27, 208 et seq.; 
Altar of, 21, 31. 

Alaja, 93. 

Algebra, Early history, 165; Geo- 
metrical, 165 et seq. ; Problems 
of, in ancient India, 9. 

Al-Khowürizml, llin. 

Allman, 111. 

Altar, 2, 20 et seq.; Science of 
construction, 164; date of the 
science, 99; geometry taced in, 
30. (See Falcon-ahaped Altar, 
Fire Altar, and Vedic Altai). 

Amsa, 212. 

Apastamba, Authority mentioned, 
26-27 ; Burk’s edition, 20; 
Commentaries of, lu, 13, 19; 
Srauta-sttra of, 1, 18, 25n, 20; 
Sulba-sittra of 3-4, 13, 25 ; 
-Sstra-panibhdga, 18. 

Apastambiya Sulba-bhágga, 10. 

pice 26. 

Ardha-da£ama, 213. 

Ardha-navama, 213. 

Ardhyà, 44. 

Area, combination, 71 et seg.; To 
draw a square equal to, n 
times & given square, 71.74; 
nth part of a given square, 74- 
76; sum and differense of two 
given squares, 76-80; two 
given pentagons. 80-82; two 
given triangles, 80; Definition 
of, 95; Problems of, in ancient 
India, 2; Transformation of, 
R8 ei seq.; square, from iso- 
soeles triangle, 92:93, from 
rectangle, 88-85, from rhom- 
bus, 94, into rectangle, 85-90, 


square and rectangle, into iso- 
sceles trapezium, 90-92, into 
rhombus, 93-94, into triangle, 
93. (See also Measures.) 

Aryabhata I, 16, 18, 

Aryabhafsga, 16. 

Agtadasa-karant, 188. 

Agta-vidha, 170. 

Asvamedha-vedi, 84, 152 et seq., 
1069 ei seq. 

Aévamedhika Agni, 172-78. 

Afvamedhiki-vedi, 107, 188. 

Atharva-veda, schools of, 1n. 


Babylonian mathematician, 218, 

Bakhshalt Manuscript, 208, 

Baudhüyans, commentaries, 10 ; 
His somces, 95, 26; Srauta- 
etra of, 1; Sulba-eütra of, 2-8, 
25 et seq. 

Bahya-visesa, 197n 

Bhaga, 213. 

Brahmana, 25 et seg., 29 et seq. ; 
Primary functions, 20; Source 
of geometry in, 25-27. (Beo also 
Maitrayaniya Brahmana, Suta- 
patha Braéhmana, and Taittiriya 
Brahmana.) 

Bharadvaja Grhye Sutra, 13. 

Bhaskara (Second), 12; Bijaganita 
of, 165. 

Brahmagupta, 17. 

Birk, 86 et seq. ; 107 et seq. 


Oaland, 86n. 
Cantor, 111. 
Caturasra-£yenaceit, 
120, 152. 
Caturbhagona, 213. 
Catur.guna, 212. 
Caturtha-savi£eqürdha. 218. 
Caturtha-savisega-saptama, 218. 
Catuskarani, 188. 
Chinese mathematicians, 2138. 


100-110, 112, 


234 


Circle; ares of, 95; Division, 
equal, 42-43; Donbling, 21; 
Magnitudes, 201; Squaring and 
vice versa, 18-19, 21, 27, 40, 
148-51. (Bee also, Postulates, 
Quadrature, Segment, and 
Square.) 

Commentators, 10-11, 18, 16-19. 

Compass, Possibility of, 94. 

Congruence theorems, 44. 

Constructions, 52-70; 
gram, 67-70; 
L9.-55; Rectangle, 62-63; 
Square, 55-62 5 Trapezium, 
isosceles, 63-66. (See Altar) 

Cylinder, Volume of a, 101. 


Parallelo- 
Perpendicular, 


T 
1 


Dakeina, 21, 190, 208. 

Dakgsnágni, 27, 31, 208 et seq. 

Dar£íapaurnamása-sütra, 18, 

Dárécpaurnamüaii-vedi, 30, 84. 

Daréa Sacrifice, 21. 

Demonstration, 60-51. 

Dhignsya, 42, 150, 

Disgonal, bisects a rectangle and 
rontually, 43, 45. (Bee also 
Postulates, Pythagorean Theo- 
rem, Rectangle and Rhombus.) 

Dimension. (See Spatial Dimen- 
sions.) 

Double-producer, 71 

Droga, is. 

Drona-cit, 160, 914. 

Doadaá£a, 919. 

Dodrakanatha | Yajvà, 
87 et seq. 

Dw-guna, 219. 

Doet-karant, 188. 

Dwvirájjvaviharano, 64. 

Dvi-saptama, 21 


10, 18-19, 


Eggeling, 168n. 
Egyptian mathematician, 9213. 
Kkadasint.vedt, 162 et seq. 
Ekarajjvüciharago, 64. 
Rkasato-vidha, 169 et seq. 
Ekaéata-vidha, Agni, 160. 
Ekavidha Ágm, 171. 
Ekavsthéa-vidha, 172 et seq. 
Equation, Solution of. (See Quadra- 
ticequation, Simple Equation.) 


INDEX 


Factorisation, 218-20. 

Figures, construction of similar, 
24; Division of, 24; Reotili- 
near, 222. (Bee also Similar 
Figures.) . 

Fire altar, 162 et seq.; Enlarge- 
ment of, 168 et seq., 174 et seq., 
208 et seq.; Falcon-shaped, 28- 
23, 67, 183 et seq., 215-210; 
bending the wings, 37-38; con- 
struction of, 154 ef seq., 158n; 
enlargement of, 166 ef seq.; 
form of, 134; magnitude, 34; ' 
measurement, 294-37. (See 
Altars, Áhavaniyo, Dakgina, 
Garhapatya.) 


Fraction, 219-17; Division of, 214; 


Fraction of a, 9218; General 
fraction, 213; Operations with, 
218-17; Squaring of a, 916; 
Terminology of, 219-13; Unit 
fraction, 219 et seq. 


Garbe, 25. 

Gürhapatya, 91, 97, 208 ei seq.; 
Altar of, 91, 31, 150. 

Garhapatya-csti, 81. 

Garhapatya-vedt, 180-81. 

Geometry, Hindu, before 800 B C., 
6-7; Before 3000 B. C.,9T et 
seq., Esoteric, 2n; Growth of, 
20; Influence upon Greek Geo- 
metry, 9: Manusla of, In; 
Name of 1, 7, 88n; Origin, 
2-6, 20, 25 et seq., 80; Practi- 
cal, 2n; Problem of, in Sulba- 
sūtra, 2; Propositions of, in 
the Sulba, 21, 22, 24; (q. ns 

Gop&la, 10. 

Grhga-süira, 1n. j 


Hoavhsamukhi, 82- 
Hankel, 50-51, 104, 106, 107. 
Health, 111. 


‘Hemadri, 18. 


Hindu Geometers, 50. 

Hindu Geometry. (See Geometry;) 
Hiranyaked: Sulba, 2, 29. 

Horse Sacrifice, 178. 

Hotriga, 84. 


INDEX 


Indeterminate Equations, 180-86. 

Indeterminate problems, 178 et 
seq. 

Irretionality, of “2. (Bee Burds.) 

Irrationals, frst discovery by the 
Hindus, 115 et seq. . 

Iqis-gajfta, 91. 


Jainas, Canonical works of the, 
Janu, 101. 
Junge, 106. 


Kalpa-s&tra, 1, 1n. 

Kàmya Agni, 22, 24, 38, 120, 121. 
Kapardisvami, 10, 18, 19. 
Kapigthala Samlutd, 98. 

Kanka, 28. 
Karani, 188. (See Surds.) 
Karavindasyimi, 10, 14-17. 
Karma-depika, 11. 

Kala, 212. 

Kàthaka Satthita, 28. 
Katyayana, 1, 4-5, 10-11, 26. 
Kofthoma-vedt, 152. 
Krgna-yajur-veda, 2. 
Kugdàükrü, 11. 


Karma, 28. l 


Lakgahonia-vedt, 159. 

Leonardo Febonacoi of Pisa, 180. 

Lilavati, 19. 

Line, 292; Angular, units of, 68. 
(See also Straight Line.) 


Magnitudes, 2-3. (See also Circle, 
Spatial Relations and Magni- 
tudes.) 

Mahadeva, King of Devagiri, 13. 

Mah&-vedi, 22, 64, 96-97, 98, 158. 
(See also Saumiki-vad: ) 

Mahavira, 180. 

Mahidhara. 10; Works of, 11. 
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Maitréyana, Brühmana, 25; Srau- 
ta-stitra of, 2; Sulba-siitra of, 
6; Sulba, 19; Sacha, 98, 28n. 

Miinava, Srauta-sütra of, 2; Sulba- 
sutra of, 5-6; commentary of 
Bivadüss, 19. 

Mantramahodudhi, Age of, 11. 

Márjaliya, 34, 43. 

Maáaka, 2. 

Mathematios, Jaina school of, 
201n; Problems of Hindn, 9. 

Measures, Areas and Volumes of, 
95 et seq.; kinds of, 8. ~, 

Mensuration, 95. 


Nata, 67. ; 
Nemicandra, 201. 
Nir&dhapaéubandha, 91; -vod:, 137. 
Nitya, 20). ° 

Nitya Agnt, 21. 

Nyaiichana, 58. 


F Li 


Oldenberg, 27. 


Padya, 44. 

Pastrki-ved:, 22, 75, 113. z 
Pàkayajfüki-vedi, 159. 
Pakseetaka, 67-68. 
Paficadasa-bhago, 929. 
Pasicaguna, 212. 

Paricakarna : vide Pentalateral. 
Paficama (Paficama-bhüga), 219. 
Pañcami, gin. 


P aficdgne, 69. 
Construction of, 
E Measurement of area of, 
6. 

Paricayya, 98. 

Pariséyya-cit, 150. 

Párévamàni, 921. 

Paí£u-yajfia, 91. 

Pdtrmi, 62. 

Paurnamase sacrifice, 21, 

Pentagon, 80-82. 

Pentalateral, 80-82. 

Perpendicular, Construction of, 
52-55. 

Pitr-yajffía, 98. 
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Postulates, 41 et seg. ; Circle, divi- 
sibility, 42; Cirole, maximum 
sguare described within a, 49; 
Diagonals, mutual bisection ; 
44; Diagonale of & rhombus, 

lar bisection, 465; 
Rectangle, bisection by diagonal, 
43; Rectangle, relation with a 
parallelogram, p. 48: Rectangle, 
relation with the rhombus in- 
Boribed, 48; Square, relation 
with the square inseribed, 47; 
Square, relation with the tri- 
angle inscribed, 47; Straight 
line, e uis divisibility, 41; Tri 
angle, bisection of an isosceles, 
46; Triangle, equal and similar 
division. 49. (Bee also Sulba,) 

Praci, 221, 

Pragvaméa, 22. 

Pramdna, 196. 

Prauga, 28. 

Prauga-cits, 121. 

Priem, Volume of a, 101. 
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Proclus, 178. 
Progression, Arithmeticul, 217-18. 
Problems, Geometrical, 22-2 


Solutions of, 52 et veg. thw i 
Constructions, and Tnérteiy | 
nate Problems.) 

Prethya, 221. 

Purusa, 108. 

Purusabhdsa, 157. 

Pyramid, Volume of the Pw 
of, 101-3. 

Pythagorean Theorem, 24, 71, | 
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et seq. ; Arithmetical c} dite 
t8. Geometrical choit ter, = 
107-8; Bbhüskara's proc’, 118; 


Chinese origin, 118; Converse, 
105-6; Early History, 119-22; 
Early knowledge and employ. 
ment, | 82.98; Geometrical 
proc ‘of the Hindue, 116-10; | 

du vs. Greek origin, 1U el 
seq., 118. 


Q. E. F., Corresponding term in 
Hindu constructione, 50. 

Quadratic Equation, 165 et seg.: 
Solutions of complete, 166 et 
seq ; Discrepancies, 168 et seq.; 
Solutions of pure, 166; azim c, 


INDEX 


165; az*4bzz-o, 166; z= 
2m 

lege. 165; si-1c4€——, 
166; Tc?+iz=7i+m, 106 et. 
seq. 

Quadrature, of a circle, 40. 

Quadrilateral, 47, 48. (See also 
Square.) 

Rama, 10-12. 

Rémacandra, 13. 

Rathacakra, 28 


Rathacakra-citi, 190, 150. 

Rational Rectangle, 109, 128 et 
seg., 178 et seq.; Derivation, 
Apastamba’s formula, 186; by 
the Hindus, 136 ; Early History 
of, 188-89;  Euclid's formula, 
185-36 ; Hindu discovery, 
124-27 ; Hindu knowledge of 
general rules, 127-89; Number 
of, known to the Hindus, 127; 
Plato's formula, 134-38 3 
Pythsgoras’s discovery, 197; 
Pythayvoras's formula, 138-26. 
(Bee algo Rutional Rectangle.) 

; Hauonal Right-angled Triangle, 
178-80. 

decr 0) construction, given 
sides, 22, 62-63; Equal to a 
square, 93 ; Diagonical bisec- 
tion, 43; Measurement of, 95, 
96 ot seg. ; Square on the diago- 
nal equal to sum of the squares 
on the sides, 24; "Transforma- 
tion into isosceles trapezium, 
90-92 ; rhombus, 93-94 ; square, 
88-85, 206; triangle, 92. (Bee 
also Construction, Postulatea, 
Rational Rectangle, Rhombus 
and Square.) 

Reotilinear figure, measurement of, 
95; construction, having given 
area, 98. 

fig-Veda, Samhita, 27 et seq.; 
Schools of, 1n. 

Bhombus, Construction, equal to a 
square, 28; Dirgonals bisect 
mutuslly, 45; Formation by 
joining the middle pointe of the 
sides of a rectangle, 48. (See 
also Postulates, Rectangle and 


Square.) 


INDEX 


Right-angle. (Bee Straight Line ) 

Right-angled Triangle, 106; Con- 
struction, Kapaerdisvümi's, 18, 
Karsvindasvümi's, 14-16; 
Raima’s, 11. 

Bodét, 208. 

Root, Hindu name of, 188. 

Rule of Three, BbAekara'e (Second), 
12; Liiacati'e, 19. 

Ruler, use in construction, 33. 


Suerifice, Darga, 21; Igt, 9; Nira- 
dhapasubandha, 21; Obligatory, 
20; Optional, 20, 98; Faíu, 21; 
Paurnamüsa, 91; Soma yajfia. 
21; Vedic, 20 et seq. 

Sadas, 34. 

adgurusisya, 18. 
amara-saro, 11. 

Samara-süra-sathgraha, 11. 

Smasüna, 28. 

Sáma-Veda, Schools of, 1n. 

Samhtta: see Kapiethala Samhita, 
Küthaka Sathhitad, M artrāyanīya 
Samia, Rg-Veda Samhita. 
Taittiriya Samhita, Vajasaneya 
Sathhsta. 

Samuhya 23. 

Samuhya-cit, 150. 

Sankarabhatta, 12. 

Sankhyayana GPhya-paddhats, 11. 

Saptama-karant, 188., 

Sapta-vidha, 170. 

Süradá-tilaka Tantra, 11. 

Sarsabhydsa, 157. 

Satapatha Bráhmama, 27n, 98 et 
seq., 28 n. 

Saumiki-ved1, 22, 64-67. (Bee Mah á- 
vedi.) 

Sautrémani-ved:, 22, 75, 98, 107, 
152 et seq., 186. 

Saviéega, 188, 196-208. 

Siyana, 19. - 

Beslene triangle, Source of discov- 
ety by the Hindus, 4b. 

Schopenhauer, 107. 

Begment of a circle. Hindu method 
of finding ares, 17. 

Series, Early reference, 217; Pro- 
gressive, 217-18. 

Bimilar Figures, 40, 152 et seq.; 
Construction, given a side, 183, 
(See also Trapezium.) 
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Bimple Equation, solution of, 177. 

Sivadása, Commentator of Münava 
Sulba, 19. 

Smaáána-cit, 101 et seq. 

Boda£i, 107n. 

Soma-yajfia, 21. 

Spatial dimensions, 215. 

Spatial relations and magnitude, 2 
et seg. ; 25 ei seq. 

Square, 97, 40; Area, on its diago- 
nal is double its area, 32, 109 et 
seq.; History of the theorem, 
40, 105 et seq., 111-16 ; Area, on 
the diagonal of æ rectangle 
equal to sum of equares on sides, 
24, 27. (Sea Pythagorean Theo- 
rem.) Ares, Joubs of a trian- 
gle on the same basesnd with 
equal altitude, 47. To con- 
struct area equal to 108 .sq. 
padas, 98-99; equal to a simple 
multiple or submultiple of 
another, 28; equal to the sum 
or differonce of two equal, 23; 
To construct, a circle equal in 
area of a, 91, 140-48; and vice 
versa, 21, 140-43; To con- 
struct, having given the side, 
21, 88, 55-62; To construct a 

iangle or rhombus equal to a, 
23. Enlargement of a, 176; 
Mensuration of a, 176 et seq.; 
Relation with the quadrilateral 
formed by joining the middle 
points, 97; Size, maximum, 
within a circle, 49; To trans- 
form, into an isosceles trapezi- 
um, 90-02; from sn isosceles 
triangle, 92-98; into a rectan- 
gle, 23, 85; from a rectangle, 23; 
into & rhombus, 98, from a 
rhombus, 94, into a triangle, 93; 
(See aleo Areas, combination 
of, Circle, Construction, Postu- 
lates, Pythagorean Theorem, 
Rectangle and Rhombus.) 

Srauta-sutra, 1-9. 

Sruti, source of Geometry in, 26-27. 

Straight line, to draw at right 
angles to another, 52-55; Equal 
division of a, 40-41. (See Pos- 
tulates. ) 

BSülapüpi, 18. 

Sulba, Definition of, 7-8; Early 
origin of matter in, 90; Postu- 
lates of, 41 et seg.; -proof vs. 
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Euclidian proof, 50; Technical 
terms of, 221-26. (Bee Sulba- 
stra.) 

Sulba-dipikà, 10. 

Sulba-mimamsa, 10 

Sulba-Pradipa, 10. 

Sulba Pradipska 10. 

Bulba-sütra, of Apastambs, 3-4; of 
Baudhüyans, 2-8; Classification 
of, 6-7; Commentators of, q.v. ; 
Definition of, 1-7; Nuniber of, 
1, In; - evaluated according 
to, 18; Problems of Geometry 
in, 2, 9n; Study of, 12; Time 
of, 6-7. 

Sulba-sütra-vitarana, 10. 

Sulba-sutra-vrtis, 10. 

Stilba-varttiska, 11. 

Sulba-oydkhya, 10. 

Sundararija, 10, 87 et seq ; Age 
of, 17-18. 

Suparna-citi, 84n. 

Suparna Garutman (or Suparna), 34. 

Surds, 185 et seq.; Evaluation of 
some, 205; Formula, approxi- 
mate, 206-11; Hindu knowledge 
of 185; Hindu knowledge of the 
irrationality of 2, 1905-208; 
Rationalisation of simple, 185; 
Sulba name of, 188; Value of 
A9, 188-89; Hindu origin of, 
189-94 ; Value of 4/8, 194-05. 

Syena, 84. 

Syena-cit, 92-28. (See Altar, 
felcon-sbaped ; Cuturasra-Syena- 
cit, Vakrapakga-Syena-cit). 

Symmetry, Line of, 221. 


Taittirsya Brahmana, 25. 
Tattiriya Samhita, 26-26, 28-31. 
Terminology, 212-18. 

Terma, Technical, 231-26. 
Theorem, Geometrical, 21-22, 24 ; 
Pythagorean, 24, 104 et seq. 

Thibaut, 86 et seg., 108 et seq. 

Tiryanman, 221. 

Transformation, Geometrical, 23. 

Trapezium, Area of, to find the, 
99; Isosceles, to construct an, 
face, base and altitude given, 22, 
$1-82, 63-67 ; similar and equal 
to a third of another, 168 ; sum:- 
lar and double its ares, 154; 
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similar and " times its area, 164; 
similar and equal to multiple or 
sub-multiple of another, 22; simi- 
lar to a given one and having a 
given altitude, 168; Isosceles, 
having an area of 894 sq. padas, 
99-101; Measurement of, 95-96; 
Isosceles, to transform a square 
or: ee into an, 90-92. 
(See also Construction, Rectan- 
gle and Square.) 

Trayodasa, 919. 

Triangle, srea of a, is half the 
square on the same base and 
equal altitude, 47; To constract 
a, equal to a square, 92; Divi- 
sion of a, into equal and similar 
parts, 46; Isosceles, to bisect 
an, 46-47; Measurement of, 05, 
96. (fee also Postulates, Rec- 
tangle, Right-angled Triangle, 
Scalene triangle and Square.) 

Tri-agtama, 218. 

Triguna, 212, 

Tri-karani, 109, 188. 

Trigetska, Age of, 11. 

Trtiya-karant, 109, 188. 


Ubhayatah pratga, 23. 
Ubhayi, 46. 

Uparava, 84, 

Uttara vedi, 83, 34. 


Vadhala, 2. 
Vàjasaneya Sahit, 98, 
Vakrapak4a-Syena-cit, 38, 112 at 


seq. 
Vakrapakga-Vyastapuccha-Syena, 
28 


Vakrapakga-Vyastapucché-Syena- 
et, 197n 

Varüha, 2, 6. 

Vedanga, Meaning of, 1. 

Vedartha-dipikd, 18. 

Vedt, Configuration of, 921; En. 
largement of, 158 et seq. ; Line 
of symmetry, 291; Relative 
p 80; Time of existance, 


Vedic Altars, 20 et seq. 
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Vedic Sacrifices, 20 at seq. 
Venkateévara Dikshita, 10. 
Viéega, 198-202. (See also Abhyan- 


tara-Viseía, Vahya-vifega and | 7, 18, 148-49. 
Savisesa. 


^/9, 11, 19, 188-89, 202-3 (See also 
Vienubhakti-Kalpalatà-prakaáa, 11. Burds.) 
Volume, measurement of, 101-3. ^/8, 194-95. 
1/ 4/8, 19. 
“5, 208-6. 
A 29, 205-6. 
Yajur-Veda, 28; Schools of, 1n. 61, 205-6. 
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